Classically, regular homomorphisms have been defined as a replacement for Abel-Jacobi maps for smooth varieties over an algebraically closed field. In this work, we interpret regular homomorphisms as morphisms from the functor of families of algebraically trivial cycles to abelian varieties and thereby define regular homomorphisms in the relative setting, e.g., families of schemes parameterized by a smooth variety over a given field. In that general setting, we establish the existence of an initial regular homomorphism, going by the name of algebraic representative, for codimension-2 cycles on a smooth proper scheme over the base. This extends a result of Murre for codimension-2 cycles on a smooth projective scheme over an algebraically closed field. In addition, we prove base change results for algebraic representatives as well as descent properties for algebraic representatives along separable field extensions. In the case where the base is a smooth variety over a subfield of the complex numbers we identify the algebraic representative for relative codimension-2 cycles with a subtorus of the intermediate Jacobian fibration which was constructed in previous work. At the heart of our descent arguments is a base change result along separable field extensions for Albanese torsors of separated, geometrically integral schemes of finite type over a field.
Abel-Jacobi maps provide a fundamental tool in the study of smooth complex projective varieties. For algebraic curves, the Abel-Jacobi map on divisors essentially encodes all of the data of the curve, while for higher dimensional varieties, the Abel-Jacobi map provides a basic tool for studying higher codimension algebraic cycles. The most well-studied examples are the Abel map, taking algebraically trivial divisors to the connected component of the Picard scheme, and the Albanese map, taking algebraically trivial 0-cycles to the Albanese variety. In fact, in these instances, the theory has been developed for smooth projective varieties over an arbitrary field.
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One of the main goals of this paper is to develop a framework for defining generalizations of the remaining Abel-Jacobi maps for smooth projective varieties over arbitrary fields. At the same time, studying Abel-Jacobi maps for families of smooth complex projective varieties has also been extremely fruitful, leading for instance to the theory of motivated normal functions. The theory of the Abel and Albanese maps has been generalized to the relative setting in the category of schemes, and another of our goals is to develop a framework for defining generalizations of the remaining Abel-Jacobi maps in the relative setting of morphisms of schemes. In what follows, we recall the classical definition of a regular homomorphism, which has been used as a replacement for Abel-Jacobi maps over algebraically closed fields, explain the relationship with our new functorial definition of a regular homomorphism, and then discuss our main results on existence, and base change in the relative setting.
Let X be a scheme of finite type over a field K. A codimension-i cycle class a ∈ CH i (X) is said to be algebraically trivial if it is "parameterized" by a smooth integral scheme over K. Precisely, the cycle class a is algebraically trivial if and only if there exist a smooth integral scheme T of finite type over K, a pair of K-points t 0 , t 1 ∈ T(K) and a cycle Z ∈ CH i (T × K X), which is referred to as a family of codimension-i cycle classes on X parameterized by T, such that a = Z t 1 − Z t 0 , where Z t i denote the Gysin fibers. It is in fact equivalent to require T to be a smooth quasi-projective curve over K ; see e.g., [ACMV19b, Prop. 3 .10]. Henceforth, the subgroup of CH i (X) consisting of algebraically trivial cycles will be denoted A i (X).
Let k be an algebraically closed field and let X be a scheme of finite type over k. Classically, a regular homomorphism consists of a group homomorphism φ : A i (X) → A(k) to the closed points of an abelian variety A over k satisfying the property : for a smooth integral scheme T of finite type over k, a point t 0 ∈ T(k) and a cycle class Z ∈ CH i (T × k X), the map defined on k-points by
is induced by a k-morphism T → A. The standard example of a regular homomorphism is the Abel-Jacobi map for a smooth complex projective variety. Observe that replacing Z with Z − (Z t 0 × T), one can equivalently define a regular homomorphism to consist of a group homomorphism φ : A i (X) → A(k) to the closed points of an abelian variety A over k satisfying the property : for a smooth scheme T of finite type over k and a cycle class Z ∈ CH i (T × k X) that is fiberwise algebraically trivial, the map defined on k-points by
is induced by a k-morphism T → A. Our starting point is that a regular homomorphism can thus be seen as a morphism of functors Φ : A i X/k → A by the recipe Φ(k) = φ, where A i X/k is the functor of "families of algebraically trivial cycle classes", i.e., the functor assigning to each scheme T smooth and of finite type over k the subgroup of CH i (T × k X) consisting of cycle classes that are fiberwise (relative to T) algebraically trivial. The advantage of this functorial approach is that now it makes sense to define regular homomorphisms without the restriction that k be algebraically closed. With the functorial language, an algebraic representative for a scheme X of finite type over a field K, if it exists, is a morphism
that is initial among all morphisms from A i X/K to abelian varieties over K. In particular, it is unique up to unique isomorphism. We refer to §1 for definitions. When X is a smooth projective variety over K, the algebraic representative for divisors is given by the Abel map to (Pic 0 X/K ) red , and the algebraic representative for 0-cycles is given by the Albanese variety.
In the end, our goal is to extend the notion of regular homomorphism to the relative setting. However, as it turns out, many of the arguments in the relative setting can be reduced to the case of schemes over a field, and to a base change of field statement. Moreover, even in the case of schemes over fields, we can improve some of our previous results over fields [ACMV17] using our new framework. In this spirit, our first main result is a base-change/descent result for algebraic representatives along separable field extensions : Theorem 1. Let X be a scheme of finite type over a field K and let Ω/K be a (not necessarily algebraic) separable field extension. Then an algebraic representative Φ i X Ω : A i X Ω /Ω → Ab i X Ω /Ω exists if and only if an algebraic representative Φ i X : A i X/K → Ab i X/K exists. If this is the case, we have in addition : (i) There is a canonical isomorphism Ab i
is Aut(Ω/K)-equivariant, relative to the above identification. Theorem 1 generalizes our previous result [ACMV17, Thms. 3.7 & 4.4] by getting rid of the assumption that K be perfect, but also by showing that the natural homomorphism Ab i X Ω /Ω → (Ab i X/K ) Ω is an isomorphism rather than merely a purely inseparable isogeny. Theorem 1 is proven in Theorem 5.10. Key to our proof are not only the new functorial approach to regular homomorphisms and an existence result (Lemma 4.7) concerning miniversal cycles for surjective regular homomorphisms, but also a new result concerning base change for Albanese varieties along separable extensions of fields :
Theorem 2. Let V be a geometrically integral separated scheme of finite type over a field K, and let L/K be a separable field extension. Then there is a canonical isomorphism of Albanese varieties
This result is essential to define in §3.1 the trace of a regular homomorphism along a separable extension of a separably closed field. In fact, Theorem 2 also holds for the Albanese torsor ; we refer the reader to Theorem A.5 in Appendix A for a precise statement and a proof. We note here for convenience that there are examples due to Raynaud of geometrically integral separated schemes of finite type over a field such that the Albanese variety does not base change along inseparable field extensions (Example A.2), while a result of shows that the Albanese variety does base change over arbitrary field extensions for geometrically connected and geometrically reduced proper schemes over a field.
We now turn our attention to regular homomorphisms in the relative setting. The natural framework for our definition (see Definition 1.8 and §1.3.1) is to consider a morphism X → S of finite type where S is a smooth separated scheme of finite type over a regular Noetherian scheme Λ. Then, as in the case of schemes over fields discussed above, one can define the sheaf A i X/S/Λ of "families of algebraically trivial cycle classes" (Definition 1.3), and with this one can then define a regular homomorphism Φ : A i X/S/Λ → A as a morphism of functors to an abelian S-scheme A (Definition 1.7). An algebraic representative is then defined as an initial regular homomorphism (Definition 1.8).
A natural starting point is to establish existence of algebraic representatives. In general, even for smooth projective varieties over an algebraically closed field it is still an open problem to decide whether algebraic representatives exist. However, there are three cases where existence is known for smooth projective varieties over an algebraically closed field : for cycles of dimension-0 and for cycles of codimension-1 or 2. Indeed, as mentioned above, for a smooth projective variety over an algebraically closed field, the algebraic representative in codimension-1 is given by the reduced connected component of the Picard scheme, while the algebraic representative in dimension-0 is given by the Albanese variety. Murre established the existence of algebraic representatives for codimension-2 cycles for smooth projective varieties over an algebraically closed field in [Mur85] . In [ACMV17] , we showed that such algebraic representatives admit models over any perfect field. The following theorem provides a uniform statement for the case i = 1, 2, dim X, generalizing the results to the relative setting. Note that even specializing to the case where Λ = S = Spec K for some field K, the following theorem in particular provides a new result, namely the existence of algebraic representatives for i = 2 for smooth proper varieties over any field.
Theorem 3. Let S be a scheme that is smooth separated and of finite type over a regular Noetherian scheme Λ. Suppose X is a smooth proper scheme of finite type over S. Fix i = 1, 2, or dim S X. Then X/S/Λ admits an algebraic representative
for codimension-i cycles. Moreover, if Λ = Spec K for some subfield K ⊆ C, then (i) For any dominant Λ-morphism S ′ → S of smooth separated schemes of finite type over Λ, there is a canonical isomorphism of S ′ -abelian schemes
(ii) The homomorphism Φ i X/S (Ω) : A i (X Ω ) → Ab i X/S (Ω) is an isomorphism on torsion for s : Spec Ω = Spec κ(S) sep → S a separable closure of a generic point of S.
The most interesting case is the case i = 2. The existence statement of Theorem 3 is proven in Theorem 6.1, item (i) is proven in Theorem 8.5 and item (ii) is proven in Theorem 9.7. The latter is obtained by using the fact proved by Murre [Mur85, §10] that Φ 2 X Ω /Ω coincides with the Abel-Jacobi map when Ω = C, which explains why we have to restrict to characteristic zero.
We note nonetheless that even in the cases i = 1 or dim S X, Theorem 6.1 provides some interesting new results. First, consider the case i = 1. Then the theorem does not require the existence of the connected component of the Picard scheme Pic 0 X/S to get the existence of the algebraic representative (we discuss cases where Pic 0 X/S and the algebraic representative agree in Theorem 7.1 and Remark 7.2). In other words, in this case the theorem does not just reduce to the theory of Picard schemes, and we get a more general relative existence theorem for the algebraic representative. Next consider the case i = dim S X. Then the theorem does not require the existence of Grothendieck's relative Albanese scheme [Gro62] , which is predicated on the existence of Pic 0 X/S , to get the existence of the algebraic representative. Again, we discuss cases where Alb X/S and the algebraic representative agree in Theorem 7.10 and Lemma 7.5. In other words, in this case, the theorem does not just reduce to the theory of the Albanese scheme, and we get a more general relative existence theorem for the algebraic representative.
Having established existence results for the algebraic representative, we mention that nowhere in the above discussion did we assert that the algebraic representative was nontrivial. For i = 1 and i = dim S X, there are well-established results on the dimensions of the Picard scheme and the Albanese scheme that can be used. However, for codimension-2 cycles, the question is much more subtle. In particular, one can see that the main issue is to establish the existence of a single non-trivial regular homomorphism. In positive characteristic, this is quite subtle, and we refer the reader to [ACMV] where we discuss this via the geometric coniveau filtration (for the case of fibrations in conics over the projective plane see also [Bea77] ). However, in characteristic 0, due to the base change result in Theorem 3, the existence of nontrivial regular homomorphisms in the relative setting is ensured, via base-changing along a dominant morphism Spec C → S and then by using the fact that the Abel-Jacobi map induces a regular homomorphism (Example 1.14, Theorem 9.3). In fact, for i = 1, 2, dim X, we can show that the Abel-Jacobi map provides an algebraic representative in the relative setting. Precisely, thanks to our functorial approach to regular homomorphisms, we can extend [Mur85, §10] to the relative setting and compare the basechange of the algebraic representative Φ i X/S to C with normal functions attached to families of fiberwise algebraically trivial codimension-i cycles. The following theorem, which can be read off Theorems 9.3 and 9.5, is obtained by combining our previous work on normal functions attached to cycles that are fiberwise algebraically trivial [ACMV19a] with Theorems 1 and 3.
Theorem 4. Let S be a smooth separated scheme of finite type over a field K ⊆ C and let f : X → S be a smooth projective morphism. Denote J 2i−1 (X C /S C ) the relative intermediate Jacobian attached to the variation of Hodge structures R 2i−1 ( f C ) * Z. Then (i) (The relative AJ map is a regular homomorphism) There is a surjective regular homomorphism Φ i AJ X/S : A i X/S → J 2i−1 a,X/S and a canonical inclusion ι : (J 2i−1 a,X/S ) C ֒→ J 2i−1 (X C /S C ) of relative complex tori, and this inclusion has the property that for any Z
coincides with the normal function ν Z attached to Z. In particular, restricting the co-domain of the normal function to (J 2i−1 a,X/S ) C , the normal function ν Z is algebraic and if Z is defined over K then ν Z is defined over K.
(ii) (The relative AJ map is an algebraic representative for i = 1, 2, dim S X) For i = 1, 2, dim S X, the natural homomorphism Ab i X/S → J 2i−1 a,X/S , provided by Theorem 3, is an isomorphism. Note that for i = 1 or dim S X, Theorem 4 is classical and the inclusion ι is an isomorphism.
Regarding item (i) of Theorem 3, we have to restrict to characteristic zero in order to use the Faltings-Chai extension theorem for abelian schemes. However, a first step consists in using the Néron-Ogg-Shafarevich criterion which holds without any restrictions on the characteristic. As such, we can show the following base-change result concerning the algebraic representative.
Theorem 5. Let S/Λ be either the spectrum of a DVR (with S = Λ), or a smooth quasi-projective variety over a field K ⊆ C, and denote η its generic point. Suppose X is a smooth and proper scheme over S. Fix i = 1, 2, or dim S X. Then the natural homomorphism of η-abelian varieties
In the case where S is a DVR, this is Theorem 8.3, while in the other case this is Theorem 3(i) (by going to the limit over all open subsets of S) or can be seen as a combination of Theorems 9.3 and 9.5. In the first case, the key point is to show that Ab 2 X η /η admits a model over S ; this is achieved via the Néron-Ogg-Shafarevich criterion by showing (Proposition 8.2) that T ℓ Ab 2 X η /η admits a Gal(η)-equivariant embedding as a Z ℓ -module in the torsion-free quotient of H 3 (X η sep , Z ℓ (2)). In the second case, we can extend Ab 2 X η /η to an abelian scheme over S thanks to the Faltings-Chai extension theorem [FC90, Cor. 6.8, p.185].
K itself. Given a scheme X of finite type over a field K, we denote A i (X) the subgroup of CH i (X) consisting of cycle classes that are algebraically trivial.
Unless stated otherwise, Λ denotes an integral regular Noetherian scheme, S denotes an integral scheme that is smooth separated and of finite type over Λ, and X denotes a scheme of finite type over S. Given an integral scheme T with function field κ(T), we denote η T : Spec κ(T) → T its generic point and we denote η sep T : Spec κ(T) sep → T the corresponding separably closed point over η T .
REGULAR HOMOMORPHISMS AS FUNCTORS
1.1. The functor of algebraically trivial cycle classes. We fix an integral regular Noetherian scheme Λ, and an integral scheme S that is smooth separated and of finite type over Λ. We will denote the generic points of S and Λ, respectively, as η S and η Λ .
Remark 1.1. The assumption that S and Λ be irreducible (and hence integral, since Λ is regular and since S is smooth over the regular scheme Λ) is not essential ; all statements in the paper hold without this integrality assumption simply by working component-wise.
We denote by
Sm Λ /S the category whose objects are separated S-schemes that are smooth and of finite type over Λ with structure map to S being dominant, and whose morphisms are given by morphisms of S-schemes. For later reference, we recall that any morphism t : T ′ → T in Sm Λ /S -in fact any morphism of smooth separated schemes of finite type over Λ -factors as Let X → S be a morphism of finite type over S. For each T → S in Sm Λ /S, denote by X T the base-change X × S T. Note that X T is of finite type over Λ. Following [Ful98, §20], we have CH i (X T /Λ), which, abusing notation, we will henceforth simply write as CH i (X T ).
Remark 1.2 (The case S = Λ = Spec K). An important special case is when S = Λ = Spec K for some field K, and f : X → Spec K is smooth projective. The classical case is the case where we assume in addition that K = k is algebraically closed (see §1.4).
Recall that for any morphism t : T ′ → T in Sm Λ /S, being lci as described above, there is a refined Gysin pull-back [Ful98, p.395]
which, as pointed out on [Ful98, p.395] , satisfies all the fundamental properties of [Ful98, §3, §6]. Definition 1.3 (Functor of algebraically trivial cycles). In the notation above, for a nonnegative integer i, the functor of codimension-i algebraically trivial cycles on X over S is the contravariant functor A i X/S : Sm Λ /S −→ AbGp, sometimes denoted A i X/S/Λ for clarity, to the category of abelian groups AbGp given by families of algebraically trivial cycles on X/S. Precisely, given T in Sm Λ /S, we take A i X/S (T) to be the group of cycles classes Z ∈ CH i (X T ) such that for every separably closed field Ω and every Ω-point t : Spec(Ω) → T obtained as an inverse limit of dominant morphisms (t n : T n → T) n∈N in Sm Λ /T, i.e., Spec Ω = lim ← −n T n , we have that the cycle Z t := t ! Z := lim − →n t ! n Z ∈ lim − →n CH i (X t n ) = CH i (X t ) is algebraically trivial. The functor is defined on morphisms t : T ′ → T in Sm Λ /S via the refined Gysin pullback t ! for lci morphisms [Ful98, §6.6] ; we will sometimes use the notation Z T ′ = t ! Z.
We now establish a result that helps to clarify the meaning of Definition 1.3. The first observation is that if Ω is a separably closed field, and t : Spec(Ω) → T is obtained as an inverse limit of morphisms (t n : T n → T) n∈N in Sm Λ /T, then if T is integral, the image of Spec Ω is the generic point of T. Moreover, under the composition Spec Ω t → T → Λ, the image of Spec Ω is the generic point η Λ , and Ω/κ(η Λ ) is separable ; this is an immediate consequence of [Sta16, Tag 037X], that a field extension L/K is separable if and only if L is a direct limit of rings that are smooth and of finite type over K. Note also that if P ∈ |T| is the image of t in the underlying topological space, then κ(P)/κ(η Λ ) is separable. This is a consequence of the fact that if L/E/K is a tower of field extensions, with L/K separable, then E/K is separable (e.g., [Bou81, Prop. 8 
The following lemma describes Definition 1.3 in terms of more easily identified fibers : Lemma 1.5. Let T be an integral scheme in Sm Λ /S with generic point η T : κ(T) → T and let Z be a cycle class in CH i (X T ). The separable algebraic closure η sep T of the generic point η T can be obtained as an inverse limit of morphisms (t n : T n → T) n∈N in Sm Λ /T. Moreover, the following conditions are equivalent :
is algebraically trivial for all dominant points t : Spec Ω → T with Ω separably closed.
Proof. The separable algebraic closure η sep T of the generic point η T can be obtained as an inverse limit of morphisms (t n : T n → T) n∈N in Sm Λ /T (see e.g. [Sta16, Tag 037X]), yielding the first assertion, as well as the implication (i) ⇒ (ii). The implication (iv) ⇒ (i) is obvious, while the equivalence (ii) ⇔ (iv) follows from the fact that any point t as in (iv) factors through η sep T . Hence items (i), (ii) and (iv) are equivalent. Items (iii) and (iii) ′ are equivalent : Since T is smooth over Λ, its base-change T η sep Λ is smooth over Spec κ(Λ) sep and it follows by definition of algebraic equivalence that Z t and Z s are algebraically equivalent for any two points t : Spec κ(Λ) sep → T and s : Spec κ(Λ) sep → T.
We now prove (ii) ⇒ (iii) ′ . By definition of algebraic equivalence, there exist a smooth variety V of finite type over Spec
The data consisting of V, v 0 , v 1 and Y is defined over a finite (separable) extension L of κ(T). Spreading out, we find anétale morphism T → T, a smooth family V → T with two sectionsṽ 0 andṽ 1 , and a cycle class Y ∈ CH i (X T × T V), whose generic fibers are the models of V, v 0 , v 1 and Y over L. Consider now a point t : Spec κ(Λ) sep → T in the image of T → T, and consider any pointt : Spec κ(Λ) sep → T in the pre-image. Then, under the natural identifications, Z t coincides with Z˜t = ( Yṽ 1 )˜t − ( Yṽ 0 )˜t = ( Y˜t) (ṽ 1 )˜t − ( Y˜t) (ṽ 0 )˜t , and so Z t is algebraically trivial.
To conclude, we prove (iii) ′ ⇒ (ii). This follows from the simple observation that η sep , which is by assumption itself algebraically trivial. Corollary 1.6. Suppose that Λ = Spec K for a field K, that T is an integral scheme in Sm K /S, and Z ∈ A i X/S (T). Then, for any morphism t : Spec Ω → T with Ω separably closed, we have Z t ∈ CH i (X t ) is algebraically trivial.
Proof. This is immediate from the lemma.
1.2. Regular homomorphisms and algebraic representatives. We keep the notation and conventions of the previous subsection.
Definition 1.7 (Regular homomorphism). Let A/S be an abelian scheme, viewed also as the contravariant functor Hom S (−,
; in other words, given a cycle class Z ∈ A i X/S (T), i.e., a family of algebraically trivial cycle classes on X parameterized by T, we obtain a S-morphism Φ(T)(Z) : T → A. Definition 1.8 (Algebraic representative). An algebraic representative in codimension-i consists of an abelian S-scheme Ab i X/S together with a natural transformation of functors
over Sm Λ /S that is initial among all natural transformations of functors Φ : A i X/S → A to abelian schemes A/S :
In particular, if an algebraic representative exists, it is unique up to unique isomorphism. Remark 1.9. Since abelian S-schemes, and morphisms of abelian S-schemes, form a full subcategory of Sm Λ /S, a natural transformation of functors Ab i X/S → A is equivalent to a morphism of abelian S-schemes. In particular, the morphism Ab i X/S → A in (1.1) is induced by a homomorphism of abelian S-schemes.
1.3. Remarks on the definition of regular homomorphisms. We feel it would be useful here to provide some discussion of how we arrived at Definition 1.7. In fact, there are many possible variations on the definition, which lead to slight variations on the theory, and we find it to be useful to mention some pathologies that led to our choices here. An underlying theme is our desire to use Fulton's foundations for cycles and intersection theory [Ful98] , and to insure that the Abel-Jacobi map defines a regular homomorphism in the relative setting.
1.3.1. Defining the category Sm Λ /S. In order to work with fibers of cycles, we wanted to work in a setting where we could use the refined Gysin fibers [Ful98, §20.1]. For this we need points to be regularly embedded in the ambient space, and so working with parameter spaces T that are smooth separated and of finite type over Λ works well. This leads to considering the category of S-schemes that are smooth separated and of finite type over Λ (i.e., without the assumption that the structure map to S be dominant). For the abstract theory, the functor A i X/S/Λ extends naturally to this larger category and in fact most of the structural results (precisely all results up to Theorem 8.5 excluded, except for Corollary 4.14) in this paper go through unchanged in that setting. However, without the requirement that the structure morphisms to S be dominant, showing the existence of interesting (i.e., nonzero) regular homomorphisms, which is a central step in showing the theory is nontrivial, becomes much harder. For instance, one can see that any time one has f : X → S a smooth projective morphism of complex algebraic manifolds, then if the geometric coniveau in a fiber jumps, the Abel-Jacobi map (see §9) would fail to be a regular homomorphism ; see [ACMV17, Ex. 6.5] and compare with Theorem 4. This is the essential reason we put the requirement that objects in Sm Λ /S have dominant structure morphism to S.
Sheafification of A i
X/S . Even in the setting of codimension-1 cycle classes, our functor A 1 X/S differs from the Picard functor. Namely, assuming X/S is flat, it could be natural to define a functor P i X/S/Λ := A i X/S/Λ / f * A i S/S/Λ , where we use flat pull back of cycle classes. For instance, P 1 X/S/Λ agrees with the relative Picard functor Pic 0 X/S of algebraically trivial line bundles. Even in the case i = 1, this need not be a sheaf, and so one might prefer further to sheafify this functor, in the hope that its sheafification (P i X/S/Λ ) † might be representable by an abelian scheme in Sm Λ /S. Unfortunately, for i > 1, there are examples where this sheaf is far from being representable by an abelian scheme (e.g., Mumford's theorem that for any complex projective surface S with h 2,0 (S) = 0, the group A 2 (S) is infinite-dimensional ; see also Remark 7.11). Since any regular homomorphism Φ : A i X/S → A factors uniquely through a natural transformation
we prefer to work with the functor A i X/S , which although (again) far from being representable in general, is easier to work with. In light of this discussion, we view the algebraic representative as being something of a categorical moduli space for A i X/S (and indeed also for P i X/S and its sheafification).
Remark 1.10. While preparing this manuscript, we became aware of the recent work of Benoist-Wittenberg [BW19] . They define a functor for codimension-2 cycle classes in the case S = Λ = Spec K. In the situation where X is a geometrically rational threefold, this functor is a sheaf representable by a group scheme whose connected component of the identity is an abelian variety, namely the algebraic representative. It would be interesting to compare their sheaf with the sheaf we work with here, namely (P 2 X/K ) † , and to compare their algebraic representative with the one we construct here. For instance, if K is perfect, they have shown that the two algebraic representatives agree.
1.4. The classical definition of regular homomorphisms and algebraic representatives. We now show that over algebraically closed fields our notion of regular homomorphisms and algebraic representative agrees with the usual one (i.e., [Mur85, Def. 1.6.1] or [Sam60, 2.5]).
Let k be an algebraically closed field, and take Λ = S = Spec k. In that case, Lemma 1.5 takes the simple form : Lemma 1.11. Let T be a smooth scheme of finite type over k and let Z ∈ CH i (T × k X). Then
For a smooth integral separated scheme T of finite type over k and a cycle class Z ∈ A i X/k (T), we therefore have a map
On the other hand, for a smooth integral separated k-pointed scheme (T, t 0 ) of finite type over k and a cycle class
Lemma 1.12 (Cycle maps with and without base points). Let A/k be an abelian variety, and let φ : A i (X) → A(k) be a homomorphism of groups. The following are equivalent :
(i) For every smooth integral separated scheme T of finite type over k and every cycle class
(ii) For every smooth integral separated k-pointed scheme (T, t 0 ) over k and every cycle class Z ∈
From the definitions, we have ψ Z = ψ Z,t 0 + φ(Z t 0 ), and we are done.
The classical definition of a regular homomorphism is a homomorphism φ as in (ii) of the lemma above. The following lemma shows that our definition of regular homomorphisms, and hence of algebraic representatives, agrees with the usual one when working over an algebraically closed field. Lemma 1.13 (Regular homomorphisms and cycle maps). Let A/k be an abelian variety.
(i) Given a natural transformation of contravariant functors Φ :
has the property that for every smooth integral separated scheme T over k and every cycle class Z ∈
A i X (T), the induced map of sets T(k) w Z → A i (k) φ Φ → A(k) is induced by a morphism of k-schemes ψ Z : T → A. (ii) Conversely, given a group homomorphism φ : A i (X) → A(k)
with the property that for every smooth integral variety T over k and every cycle class Z ∈
The functor on morphisms is defined via the refined Gysin pull-back. Moreover, given Φ as in (i), we have Φ φ Φ = Φ, and given φ as in (ii), we have
Proof. This follows directly from the definitions.
Example 1.14 (Abel-Jacobi maps are regular homomorphisms). In the classical case where X is smooth projective over S = Λ = Spec C, the image of Griffiths' Abel-Jacobi map AJ : A i (X) → J 2i−1 (X) restricted to algebraically trivial cycles defines a subtorus J 2i−1 a (X) naturally endowed with a polarization and hence defines a complex abelian variety. It is a classical result of Griffiths that the induced Abel-Jacobi map AJ : A i (X) → J 2i−1 a (X) defines a regular homomorphism. In the additional case where i = 1, 2, or dim X, then AJ is in fact the algebraic representative ; see [Mur85] and in particular [Mur85, Thm. C], but also Theorem 9.5 below. However, for 2 < i < dim X, the Abel-Jacobi map is not in general an algebraic representative ; cf. [OS19, Cor. 4.2] . We refer to §9.1 below for more details on intermediate Jacobians.
REGULAR HOMOMORPHISMS AND BASE CHANGE
2.1. Base change in Sm Λ /S. In the notation above, let Φ : A i X/S → A be a regular homomorphism and let S ′ → S be a morphism in Sm Λ /S. Then the regular homomorphism Φ : A i X/S → A induces naturally a regular homomorphism
Indeed, the forgetful functor (Sm Λ /S ′ ) → (Sm Λ /S) induces, via fibered products of functors, a functor
The first claim is that
as functors over Sm Λ /S ′ . To begin, let us show that for every
The first equality follows immediately from the definition of the fibered product of functors. By definition, if Z ∈ A i X/S (T ′ ), then Z ∈ CH i (X T ′ ) such that for every separably closed field Ω and every Ω-point t ′ : Spec(Ω) → T ′ obtained as an inverse limit of morphisms (t n :
The functors also agree on morphisms since they are both defined via the refined Gysin pullback.
Combining (2.2) with (2.3) defines the natural transformation (2.1).
Lemma 2.1. Let Φ : A i X/S → A be a regular homomorphism and let S ′′ → S ′ → S be morphisms in
Sm Λ /S. Then (Φ S ′ ) S ′′ = Φ S ′′ .
Inverse limits and base change. Both of the functors A i
X/S and A send inverse limits of varieties to direct limits of abelian groups. Therefore, a natural transformation of functors Φ : A i X/S → A extends in a canonical way to the category of schemes over S that can be obtained as inverse limits of schemes in Sm Λ /S. For example, if Λ = S = Spec K for some field K, and if L/K is a separable extension of fields, using [Sta16, Tag 037X], we obtain a map Φ(L) :
. In fact, since in this case any scheme in Sm L /L is an inverse limit of schemes in Sm K /K, we obtain an induced regular homomorphism
over Sm L /L. This is a special case of the following lemma : 
an integral regular Noetherian scheme, and S ′ is an integral scheme that is smooth separated and of finite type over Λ ′ , which is obtained as the inverse limit of cartesian diagrams
Proof. We only need to show that every scheme in Sm Λ ′ /S ′ is an inverse limit of schemes in Sm Λ /S. We way as well work with affine schemes, and so we can view S as a ring R, and S ′ as a ring R ′ obtained as a direct limit of smooth rings R n over R (with S n = Spec R n ). Then any smooth ring of finite type over R ′ , say of the form R ′ [x 1 , . . . , x r ]/I for some ideal I, is the direct limit of the smooth rings R n [x 1 , . . . , x r ]/I over R, completing the proof.
We will often use this in the following form :
let Ω be a separably closed field, and let s : Spec(Ω) → S be obtained as an inverse limit of morphisms (s n : S n → S) n∈N in Sm Λ /S. Every scheme in Sm Ω /Ω is an inverse limit of schemes in Sm Λ /S, and therefore Φ defines a regular homomorphism
Proof. This follows immediately from the lemma.
Corollary 2.4. Given two cartesian diagrams
Proof. This follows immediately from the construction.
Base-change and equivariant morphisms.
Let X → S and S ′ → S be morphisms of schemes. Given the action of a group Γ ′ on S ′ over S, this can be extended to an action of Γ on X S ′ as follows.
In other words, for each σ ′ ∈ Γ ′ , we obtain a cartesian diagram
In what follows, we will want to consider a filtered system of S-schemes S n /S (indexed by an arbitrary filtered set), together with an S-scheme S ′ which is the cofiltered limit (i.e., inverse limit) of the S n . We will then assume that a group Γ ′ acts on the cofiltered system S n /S, inducing an action on S ′ . Note that we do not assume that Γ ′ acts on each S n individually. This induces an action of Γ ′ on the cofiltered system X S n /S n , via the commutativity of the diagrams of the form S n σ ′ / / * * S m / / S , and the same construction as given above for the action of Γ ′ on S ′ .
Example 2.5. The main example we have in mind is where S = Spec K for some field K, S ′ = Spec L for some separable field extension L/K, S n = Spec R n is the filtered system of smooth Kalgebras R n of finite type contained in L, and Γ ′ = Aut(L/K). To see that the R n form a filtered system, we can argue as follows. Suppose we have R and R ′ smooth K-algebras of finite type contained in L. Then considering the fraction fields K(R),
for some localization at f ∈ R ′′ , and similarly for R ′ . Thus replacing R ′′ with the localization R f f ′ , we see that the system R n is filtered. Now since L is the localization at (0) of a smooth K-algebra of finite type over K [Sta16, Lem. 07ND, 037X], it is clear that L = lim − → R n . Next we explain how Γ ′ = Aut(L/K) acts on the filtered system. For this, we simply observe that for σ ′ ∈ Aut(L/K), then for any smooth K-algebra R of finite type contained in L, we have that σ ′ (R) is again a smooth K-algebra of finite type contained in L.
Definition 2.6 (Equivariant regular homomorphisms). Suppose we are given a cartesian diagram
as in Lemma 2.2, such that the filtered systems S n → S and Λ n → Λ from Lemma 2.2 admit compatible (in the obvious way) actions of a group Γ ′ . For each σ ′ ∈ Γ ′ , the action of the group on the filtered system X S n induces in the limit natural transformations σ ′! :
defined in the obvious way. We say a regular homomorphism
Remark 2.7. Note the vertical arrow σ ′ in the diagram above. One could replace this isomorphism with the isomorphism σ ′ * = σ ′−1 pointing down in the diagram, but we prefer to leave the diagram as it is above.
Lemma 2.8. In the notation of Definition 2.6 and Lemma 2.2, if Φ :
This follows directly from the definitions and from the base-change construction of §2.1.
Remark 2.9 (Galois descent data). Later we will discuss descent of regular homomorphisms along Galois field extensions. To clarify how this interacts with this discussion here, recall that a finite faithfully flat morphism of schemes p : S ′ → S is called a Galois covering if there is a finite group Γ of S-automorphisms of S ′ such that the morphism
The standard example is where K ′ /K is a finite Galois extension of fields, p : Spec K ′ → Spec K is the associated map of schemes, and Γ = Gal(K ′ /K). Given an S ′ -scheme X ′ , a descent datum for X ′ over S is equivalent to an action Γ × X ′ → X ′ compatible with the action of Γ on S ; i.e., for each σ ∈ Γ, we have a cartesian diagram (2.5) [BLR90, Exa. B, p.139]. Recall that if X is a scheme over S, then X S ′ is equipped with a descent datum over S, as described above.
BASE CHANGE AND DESCENT ALONG FIELD EXTENSIONS
Here we assume that S = Λ = Spec(K) for some field K. Recall from §2.2 that if L/K is a separable extension of fields, then a regular homomorphism Φ : A i X/K/K → A induces in a canonical way a regular homomorphism Φ L : A i X L /L/L → A L . Combining Lemmas 2.2 and 2.8, we have in this setting :
Proof. (i) is a consequence of Lemma 2.1, and an elementary modification of the proof of Lemma 2.2.
(ii) is an immediate consequence of Lemma 2.8 and Example 2.5.
3.1. Separable field extensions of separably closed fields. We assume here that Ω/k is a regular (i.e., primary and separable) field extension, and that k is separably closed. Equivalently, Ω/k is a separable extension of a separably closed field k. For instance, if k is algebraically closed, Ω is any field extension of k. We are interested in understanding the relationship between regular homomorphisms over k and over Ω.
If L/K is any field extension, recall that an L/K-trace of an abelian variety B over L is a final object (B, τ) (sometimes also denoted (tr L/K (B), τ)) in the category of pairs (A, f ) where A is an abelian variety over K and f : A L → B is homomorphism of abelian varieties over L. If Ω/k is any primary extension, then an Ω/k-trace exists [Con06, Thm. 6.2] and is unique up to unique isomorphism. Concretely, if B is an abelian variety over Ω and A an abelian variety over k, and there are thus canonical  bijections Hom
We direct the reader to [ACMV17, § §3.3.1-3.3.2] for a review of the Ω/k-trace and Chow rigidity for primary extensions as exposited in [Con06] .
Let now X be a scheme of finite type over a separably closed field k and let Ω/k be a separable extension. We start by observing as in [ACMV17,  Step 2, Thm. 3.7] that if Ψ :
(over Sm k /k) defined in the following way. Take T in Sm k /k which we may assume to be integral (since k is separably closed, T is a disjoint union of integral schemes) and Z ∈ A i X/k (T).
Since Ω/k is regular and in particular separable, Ω is an inverse limit of rings that are smooth and of finite type over k ; we thereby obtain a morphism Ψ(T Ω )(Z Ω ) : T Ω → B. Let t 0 ∈ T(k) be a base point (which exists because k is separably closed and T is smooth over k) and let alb t 0 : T Ω → Alb T Ω /Ω be the associated Albanese morphism over Ω (which classically exists ; see the discussion in Appendix A). Since by definition alb t 0 is initial among morphisms from T Ω to abelian varieties over Ω sending t 0 to 0, we obtain a commutative diagram
From the main Theorem A.5 of the appendix, since Ω/k is separable, the canonical homomorphism Alb T Ω /Ω → (Alb T k /k ) Ω is an isomorphism. By the definition of the Ω/k-trace together with Chow rigidity for primary extensions, we thereby obtain a commutative diagram
where the dashed arrow is the composition of the other arrows. It is easy to see that while alb t 0 and η t 0 depend on t 0 ∈ T(k), their composition, the dashed arrow, does not. This is the morphism we define as Ψ(T)(Z) : T → B, and this in turn defines the natural transformation Φ : A i X/k → B on objects. The definition on morphisms is similar.
Lemma 3.2 (Trace for regular homomorphisms). In the notation above :
X Ω /Ω → B be a regular homomorphism, and let Ψ :
be the regular homomorphism defined in (3.1) above. Then (Ψ) Ω fits into a commutative diagram
Proof. This is clear from the construction of the trace of a regular homomorphism and from the universal property of the trace of an abelian variety.
3.2. Galois extensions of fields. Let L/K be a Galois extension of fields.
Definition 3.3 (Galois-equivariant regular homomorphism). Let A be an abelian variety over K.
We say a regular homomorphism Ψ :
If A is an abelian variety over K, and Ψ : A i X L /L → A L is a Galois-equivariant regular homomorphism (of functors over Sm L /L), then there is a regular homomorphism
The definition on morphisms is similar.
Lemma 3.4 (Regular homomorphisms and base change from K to L). Suppose X is a scheme of finite type over K, L/K is a Galois field extension, and A is an abelian variety over K.
Proof. This is clear from the construction of Ψ for a Galois-equivariant regular homomorphism Ψ.
SURJECTIVE REGULAR HOMOMORPHISMS AND MINIVERSAL CYCLES
4.1. Surjective regular homomorphisms. Note that since AbGp is an abelian category, the category of contravariant functors Sm Λ /S → AbGp is also an abelian category. Thus there is a natural notion of kernel, image, etc., for regular homomorphisms. This is not the definition we want to use for surjectivity. Rather, we would like to define surjectivity as meaning "surjective when restricted to algebraically closed fields". Since our results focus on certain separable extensions, we adopt the following definition :
is surjective for all separably closed points s : Spec Ω → S obtained as inverse limits of morphisms to S in Sm Λ /S (see Lemma 1.5).
In Proposition 4.12, we will see that the surjectivity of a regular homomorphism can be tested at the separable closure of the generic point of S. A regular homomorphism that is an epimorphism of functors is a surjective regular homomorphism (e.g., Proposition 4.3 and Corollary 4.8). However, there are examples of surjective regular homomorphisms that are not epimorphisms of functors (Remark 5.2).
Miniversal cycles for surjective regular homomorphisms.
The following notion of miniversal cycle for regular homomorphism will prove to be crucial to our understanding of surjectivity.
Definition 4.2 (Universal and miniversal cycle classes). Let
is an algebraic representative, we will often drop the reference to Φ, and simply call Z a universal (resp. miniversal) codimension-i cycle class.
The following proposition shows that the existence of a universal cycle characterizes regular homomorphisms that are epimorphisms of functors.
Proposition 4.3. A regular homomorphism is an epimorphism of functors if and only if admits a universal cycle.
Proof. Let Φ : A i X/S → A be the regular homomorphism. First assume there is a universal cycle Z. Then given any morphism g :
Existence of miniversal cycles.
Essential to the proof of Lemma 4.7 is the following result, extracted from [ACMV19b] , regarding the field of definition of schemes parameterizing algebraically trivial cycles :
. Let X be a scheme of finite type over a field K, let K sep be a separable closure of K and let α ∈ A i (X K sep ) be an algebraically trivial cycle class. Then there exist a smooth quasi-
Moreover, if C can be chosen to be smooth projective over K, then there exist an abelian variety A over K, a cycle Z ′ ∈ CH i (A × K X), and a point t ∈ A(K sep ) such that
Proof. The existence of a smooth quasi-projective curve C over K is given by the equivalence of (i) and (ii) for separable extensions in [ACMV19b, Thm. 4.11]. The "moreover statement" can be proved along the lines of the proof of [ACMV19b, Prop. 3.14].
For the record, we have the following classical results concerning extensions of morphisms to abelian schemes. The following lemma is crucial.
Lemma 4.7 (Existence of miniversal cycles). Suppose that Φ : A i X/S → A is a regular homomorphism. Then there is an S-abelian subscheme i : A ′ ֒→ A such that Φ factors uniquely as
Proof. In case Λ = S = Spec K with K an algebraically closed field, this is [Mur85, Lem. 1.6.2 and Cor. 1.6.3]. This was generalized to the case Λ = S = Spec K with K a perfect field in [ACMV17, Lem. 4.9]. We note that in [Mur85] and in [ACMV17, Lem. 4.9], X is assumed further to be smooth and projective over K. This however is not necessary as is apparent in the proof given below for S = Spec K with K any field.
We now treat the case S = Spec K with K any field. Let A ′ be the abelian sub-variety of A which is obtained as the abelian sub-variety generated by all images Φ(D)(Z) : D → A, where D runs through all abelian varieties over K and Z ∈ A i X/K/Λ (D) runs through all cycles such that Z 0 = 0 ∈ CH i (X). We immediately note that there exists an abelian variety D over K and a cycle class
It is important to note (using Proposition 4.4) that, if Φ is surjective, then A ′ = A ; this will provide the uniqueness statement regarding the factorization of Φ, and also the statement regarding the existence of miniversal cycles for surjective regular homomorphisms.
We now claim that Φ factors through A ′ ֒→ A, thereby defining Φ ′ :
Then by Proposition 4.4 there exist a smooth quasi-projective (but not necessarily complete) curve C/K, a cycle Z ∈ CH i (C × X), and points t 0 ,
the origin of A. To ease notation slightly, we let ψ Z = Φ(C)(Z) : C → A. If C admits a smooth projective model, then by Proposition 4.4 the cycle ξ is parameterized by an abelian variety over K and we therefore already have ψ Z (C) ⊂ A ′ by construction of A ′ . Otherwise, we continue as follows. Find n sufficiently large that the Frobenius twist C (p n ) admits a smooth projective model (e.g.
, then the projection formula shows that there is an equality Z Q = p n Z Q . Consequently, we have a commuting diagram
Having completed the case S = Spec K, we consider the general case. This is achieved by spreading from the generic fiber. First we recall two general facts about abelian schemes. First, denoting η S the generic point of S, we recall that if A is an abelian scheme over S and
Since S is normal (S is smooth over the regular scheme Λ), f extends uniquely by Proposition 4.5(ii) [FC90, I.2.7] to a homomorphism A → A. Its image defines an abelian subscheme A ′ over S whose generic fiber is (A ′ ) • . Second we recall the elementary fact that if f , g : A → B are two morphisms of separated S-schemes that agree on the generic fiber, then they agree over S.
Proceeding with the proof of the general case, we start with the regular homomorphism Φ :
From the previous case, we see that there exist an abelian subvariety
Using the first observation on abelian varieties above, we have that A ′ η S is the generic point of a sub-abelian S-scheme A ′ ⊆ A. We next claim that Φ factors as
We define Φ ′ by restricting to the generic point, and then use Proposition 4.5(i) [BLR90, Cor. 6, §8.4] to get extension. More precisely, given T → S in Sm Λ /S, and
By construction, using our second observation about abelian varieties above, we have Φ(T)(ζ) : T → A factors through Φ ′ (T)(ζ). This also provides the uniqueness of A ′ and the factorization.
Finally, any spread of Z η S to a cycle Z ∈ A i X/S (A ′ ) that restricts to Z η S induces an S-morphism Φ ′ (A ′ )(Z) : A ′ → A ′ whose restriction to η S is multiplication by r. In particular, from our second observation on abelian varieties, the S-morphism Φ ′ (A ′ )(Z) is multiplication by r. The surjectivity of Φ ′ can then be easily established using the miniversal cycle, since one can simply take appropriate Ω-points of A ′ to prove surjectivity.
Corollary 4.8. A regular homomorphism is surjective if and only if it admits a miniversal cycle.
Proof. If a regular homomorphism is surjective, it follows from Lemma 4.7 that it admits a miniversal cycle. Conversely, if a regular homomorphism admits a miniversal cycle, it is immediate that it is surjective.
Surjective regular homomorphisms and base change.
We have the general fact that the notion of surjectivity for regular homomorphisms is invariant under base-change : Proposition 4.9. In the notation of Lemma 2.2, if Φ : A i X/S/Λ → A is a surjective regular homomorphism, then the regular homomorphism Φ S ′ :
Proof. Taking limits, we reduce to the case where S ′ → S is a morphism in Sm Λ /S. By Corollary 4.8, a regular homomorphism is surjective if and only if it admits a miniversal cycle. A
Surjective regular homomorphisms, revisited. In the proof of Lemma 4.7, we only used that the regular homomorphism Φ : A i X/S → A is surjective on the separable closure of the generic point of S. The aim of this section is to show Proposition 4.12 (see also Corollary 4.14 in the next subsection) saying not only that in Definition 4.1 we could have required surjectivity only at those points, but in fact only at ℓ-primary torsion points for some prime ℓ different from the characteristic exponent of the generic point of S.
First we have the general lemma :
Lemma 4.10 (Chow groups and purely inseparable extensions). Let X be a scheme of finite type over a field K of characteristic exponent p and let L/K be a purely inseparable extension. Denote f : X L → X the natural projection. Then the proper push-forward f * : CH i (X L ) → CH i (X) and the flat pull-back f * : CH i (X) → CH i (X L ) are isomorphisms on prime-to-p torsion.
Proof. Indeed, if L/K is finite of degree, say, p r , then on Chow groups we have f * f * = p r and f * f * = p r .
Second we have the following lemma, which uses the existence of miniversal cycles (Lemma 4.7) :
Lemma 4.11. Let Φ : A i X/K → A be a surjective regular homomorphism. Then there exists a natural number r such that for any separable extension Ω/K that is separably closed, and for any N invertible in K, the induced homomorphism
is surjective, where (r, N) = gcd(r, N).
Proof. The lemma is proved in the case where Ω is algebraically closed in [ACMV18, Lem. 3.2]. Let p be the characteristic exponent of K. First we claim that if Z ∈ CH i (A Ω × Ω X Ω ), then the map w Z : A(Ω) → A i (X Ω ), a → Z a − Z 0 is a homomorphism on prime-to-p torsion ; more precisely, for each natural number N coprime to p, w Z restricted to A(Ω) [N] gives a homomorphism
and Z * is the group homomorphism induced by the action of the correspondence Z. The claim then follows from the fact that τ Ω :
where Ω denotes an algebraic closure of Ω, from the fact that A(Ω) ֒→ A(Ω ′ ) is an isomorphism on prime-to-p torsion for any purely inseparable extension Ω ′ /Ω, and from the fact that the base change homomorphism A 0 (A Ω ) → A 0 (A Ω ′ ) is an isomorphism on prime-to-p torsion for any purely inseparable extension Ω ′ /Ω by Lemma 4.10.
Second, let Z ∈ A i X/K (A) be a miniversal cycle provided by Lemma 4.7 such that the induced morphism Φ(A)(Z) : A → A is given by r · Id A for some natural number r. Let N be a natural number relatively prime to p. By the claim, the composition of group homomorphisms
is multiplication by r. In particular, ker w Z [N] ⊂ A(Ω) [(r, N) ], and the composition Φ Ω,r [N] is surjective.
Proposition 4.12. Let Φ : A i X/S → A be a regular homomorphism. Denote η S and η Λ the respective generic points of S and Λ and let p be the characteristic exponent of η S . The following conditions are equivalent :
is surjective for all separably closed points s : Spec Ω → S obtained as inverse limits of morphisms to S in Sm Λ /S.
primary torsion for some prime ℓ = p and for
Spec Ω = η sep S , the separable closure of η S . Proof. The equivalence of (i) and (ii) is simply Definition 4.1, while the implication (ii) ⇒ (iii) is obvious (since S is smooth over Λ, η S is separable over η Λ ; see Lemma 1.5). The implication (iii) ⇒ (ii) follows from Lemma 3.2 and Proposition 4.9. Finally, the implication (iii) ⇒ (iv) is Lemma 4.11, while the implication (iv) ⇒ (iii) follows from the density of ℓ-power torsion points in A and from the fact implied by Lemma 4.7 that the image of Φ Ω (Ω) consists of the Ω-points of an abelian subvariety of A. 4.6. Surjective regular homomorphisms and descent. Propositions 4.13 and 4.15 below show that surjectivity for regular homomorphisms descends in the situations described in § §3.1 and 3.2.
First we show that the trace (3.1) of a surjective regular homomorphism is surjective.
Proposition 4.13. Let k be a separably closed field and let Ω/k be a separable field extension. Suppose Ψ : A i X Ω /Ω → B is a surjective regular homomorphism. Then the regular homomorphism
Proof. Let p be the characteristic exponent of k. First we claim that A i (X) → A i (X K ) is an isomorphism on prime-to-p torsion for all extensions K/k of separably closed fields. Lecomte's rigidity theorem [Lec86] states indeed that for an extension K/k of algebraically closed fields and for any separated scheme X of finite type over k, the base change homomorphism CH i (X) → CH i (X K ) is an isomorphism on torsion. In fact, the inverse is given by the specialization homomorphism (cf. [ACMV17, proof of Thm. 3.8]) and so the base change homomorphism A i (X) → A i (X K ) is also an isomorphism on torsion. Now one passes from algebraically closed fields to separably closed fields by utilizing Lemma 4.10. The proposition then follows from the characterization of surjectivity given in item (iv) of Proposition 4.12 applied to the diagram of Lemma 3.2(ii), together with the above rigidity result for prime-to-p torsion and the rigidity for prime-to-p torsion points on abelian varieties for extensions of separably closed fields. Note that a key point we are using when we employ Lemma 3.2(ii) is that for a regular extension of fields, the kernel of the trace is zero-dimensional, and supported at the identity [Con06, Thm. 6.12].
As a corollary of Proposition 4.13, we get yet another characterization of surjective regular homomorphisms : 
is surjective if and only if one of the following conditions holds :
surjective. We conclude with Proposition 4.12 that Φ is surjective. Finally, the equivalence of (v) and (vi) is proven in exactly the same way as the equivalence of (iii) and (iv) in Proposition 4.12.
Likewise, surjectivity for Galois-equivariant regular homomorphisms descends :
Proposition 4.15. Suppose L/K is a Galois field extension, and A is an abelian variety over K. Suppose Ψ : A i X L /L → A L is a surjective Galois-equivariant regular homomorphism (over Sm L /L). Then the induced regular homomorphism
Hence, by Proposition 4.12, if Ψ is surjective, then Ψ is also surjective. 5. ALGEBRAIC REPRESENTATIVES 5.1. Algebraic representatives are surjective regular homomorphisms. Recall from Definition 1.8 that an algebraic representative is a regular homomorphism that is initial among all regular homomorphisms.
Proof. This follows immediately from the definition and Lemma 4.7.
Remark 5.2. A result of Voisin [Voi15] shows that there exist algebraic representatives, and therefore surjective regular homomorphisms, that do not admit universal cycles. Therefore, using Proposition 4.3, Voisin's example also shows that there are surjective regular homomorphisms that are not epimorphisms of functors. We consider the category of surjective regular homomorphisms Φ : A i X/S → A ; we will denote these by (A, Φ). We set dim(
Saito's criterion
Let M be the maximal dimension of the (A, Φ), and fix (A 0 , Φ 0 ) of dimension M. Considering products, and using the fact that the image of a regular homomorphism is an abelian variety (Lemma 4.7), it is easy to see that for any (A, Φ) there exists some (A ′ , Φ ′ ) of dimension M, which surjects onto both (A, Φ) and (A 0 , Φ 0 ) (set A ′ to be the image of the regular homomorphism Φ 0 × Φ : A i X/K → A 0 × A). Therefore, if (A 0 , Φ 0 ) is not an algebraic representative, there is an isogeny η 1 : (A 1 , Φ 1 ) → (A 0 , Φ 0 ) of degree > 1. Thus, inductively, if there is no algebraic representative, we can construct an isogeny (A N , Φ N ) → (A 0 , Φ 0 ) of arbitrarily large degree. But this would then contradict the existence of the cycle Z 0 ∈ A i X/K (A 0 ) such that Φ 0 (A 0 )(Z) : A 0 → A 0 is r 0 · Id A 0 for some natural number r 0 , established in Lemma 4.7.
Algebraic representatives and base change.
Proposition 5.4. In the notation of Lemma 2.2, if there exists an algebraic representative
then there exists an algebraic representative Φ i X/S : A i X/S/Λ → Ab i X/S . Proof. This follows immediately from Proposition 4.9 and Proposition 5.3.
Corollary 5.5. Let s : Spec Ω → S be a separably closed point obtained as an inverse limit of morphisms to S in Sm Λ /S. If there exists an algebraic representative Φ i X Ω /Ω : A i X Ω /Ω/Ω → Ab i X Ω /Ω , then there exists an algebraic representative Φ i X/S : A i X/S/Λ → Ab i X/S . Proof. This follows immediately from the proposition.
Algebraic representatives and descent along separable field extensions.

Algebraic representatives and separable extensions of separably closed fields. With Lemma 3.2 and Proposition 4.13, we can easily prove :
Theorem 5.6 (Algebraic representatives and separable extensions of separably closed fields). Let k be a separably closed field, and Ω/k be any separable field extension. There is an algebraic representative
In addition, if the algebraic representatives exist, then the vertical arrows in the diagrams below
defined by the universal property of the algebraic representative with respect to the regular homomorphisms in the bottom row are isomorphisms. Moreover, denoting τ the trace morphism, the natural morphism obtained as the composition (Ab i X/k ) Ω −→ (Ab i X Ω /Ω ) Ω τ −→ Ab i X Ω /Ω is an isomorphism. In particular, the trace for an algebraic representative is an isomorphism.
Proof. The first statement of the theorem regarding existence follows from Proposition 5.4, together with combining Saito's criterion (Proposition 5.3) with Proposition 4.13.
The proof that the vertical arrows of (5.1) are isomorphisms is via the commutative diagrams :
where on the left-hand side of (5.2) we have applied the Ω/k-trace to the right-hand side of (5.1) (and used Lemma 3.2(i)) and addended it to the bottom of the left-hand side of (5.1), and on the right-hand side of (5.2) we have applied the pull back to the left-hand side of (5.1), addended it to the bottom of the right hand side of (5.1), and then finally addended the Ω/k-trace from Lemma 3.2(ii). The theorem then follows by the universal property of the algebraic representative (the composition of the right vertical arrows of both diagrams is the identity) and the fact that the trace morphism τ has finite kernel [Con06, Thm. 6.4(4)]. Indeed, from the former, one finds that the top vertical dashed arrows of both diagrams are injective homomorphisms. By base-change, the injectivity of the top vertical arrow on the left-hand side diagram implies the middle vertical dashed arrow of the right-hand side diagram is also injective. From the latter, one finds that Ab i X Ω /Ω Ω and Ab i X Ω /Ω have same dimension. It follows that the injective vertical dashed arrows of the righthand side diagram are isomorphisms, and one also concludes that τ is an isomorphism. Finally, we also get that Ab i X/k and Ab i X Ω /Ω have same dimension (since their base-changes to Ω have same dimension), and we conclude that the vertical dashed arrows of the left-hand side diagram are isomorphisms.
Remark 5.7. This strengthens the results in [ACMV17, Thm. 3.7] in two ways. First, the vertical arrows of both diagrams of (5.2) and the natural morphism (Ab i X/k ) Ω → Ab i X Ω /Ω were only shown to be purely inseparable isogenies ; they are in fact isomorphisms. Second, in [ACMV17, Thm. 3.7] we did not make precise the relationship among the regular homomorphisms
Algebraic representatives and Galois field extensions.
We now consider base change of field where L/K is an algebraic Galois field extension. First recall from (2.4) and Lemma 2.2 that if Φ : A i X/K → A is a regular homomorphism (of functors over Sm K /K), then the induced regular homomorphism Φ L : A i X L /L → A L (over Sm L /L) is Galois-equivariant in the sense of Definition 3.3. Conversely, if A is an abelian variety over K, and Ψ : A i X L /L → A L is a Galois-equivariant regular homomorphism (of functors over Sm L /L), then there is a regular homomorphism
Proposition 5.8. Let L/K be an algebraic Galois field extension. An algebraic representative Ψ i X L /L : 5.6. Algebraic representatives and separable field extensions. Theorems 5.6 and 5.9 can be combined to provide a proof of Theorem 1, which we recall below, concerning descent of algebraic representatives along separable extensions of fields.
In addition, if both exist, then the vertical arrows in the diagram below,
Theorem 5.10 (Theorem 1). Let Ω/K be a separable field extension. Then an algebraic representative
exists. If this is the case, we have in addition :
Let Ω sep ⊇ K sep be separable closures of Ω and K ; note that Ω sep ⊇ K sep is separable (Lemma A.12). That an algebraic representative Φ i X Ω exists if and only if an algebraic representative Φ i X exists is obtained by applying Theorem 5.9 to the extension Ω sep /Ω, Theorem 5.6 to the extension Ω sep /K sep and Theorem 5.9 to the extension K sep /K. The identification Ab i X Ω /Ω = −→ (Ab i X/K ) Ω comes from the isomorphisms provided by the vertical dotted arrows of the right-hand squares of (5.1) and (5.3). The Aut(Ω/K)-equivariance of Φ i X Ω (Ω) is then given by Lemma 3.1. Remark 5.11. Slightly more is true : Let σ : Ω 1 ≃ Ω 2 be an isomorphism of separable fields over K Assume that Ab i X Ω 1 /Ω 1 exists. Then Ab i X Ω 2 /Ω 2 exists, Ab i X Ω j /Ω j identifies with (Ab i X/K ) Ω j for j = 1, 2, and relative to these identifications A
EXISTENCE RESULTS FOR ALGEBRAIC REPRESENTATIVES
We now prove the existence statement of Theorem 3 concerning algebraic representatives for cycles of dimension 0, codimension 1 and codimension 2. In particular, in the codimension-2 case, this generalizes Murre's result concerning the existence of algebraic representatives for codimension-2 cycles [Mur85, Thm. A] on smooth projective varieties defined over an algebraically closed field. Theorem 6.1. Suppose X is a scheme of finite type over S with geometric generic fiber X η S , and let i be a non-negative integer. Suppose there exists some ℓ, invertible in κ(η S ), such that the ℓ-torsion group A i (X η S )[ℓ] is finite. Then there exists an algebraic representative
In particular, if X → S is smooth and proper, then an algebraic representative Φ i X/S : A i X/S/Λ −→ Ab i X/S exists for i = 1, 2 and dim S X.
Proof. In the case where X is a smooth projective scheme over S = Spec K for some algebraically closed field K, the theorem is classical and is due to Murre [Mur85, Proof of Thm. A]. We have suitably generalized Saito's criterion and the existence of miniversal cycles in order to generalize Murre's argument to the general setting where S is any separated smooth scheme of finite type over a regular Noetherian scheme (rather than the spectrum of an algebraically closed field) and where X is any scheme of finite type over S (rather than smooth and projective). Via Corollary 5.5, the theorem reduces to S being the spectrum of a separably closed field. By Saito's criterion of Proposition 5.3, we have to show the existence of a natural number M such that for every surjective regular homomorphism Φ :
. It suffices to show that, for each such Φ and A, #A(η sep S )[ℓ] has rank at most R. Note that our hypothesis implies that, for every e ≥ 1, #A(η sep S )[ℓ e ] has rank R. To this end, let Φ :
be a miniversal cycle provided by Lemma 4.7 such that the induced morphism Φ(A)(Z) : A → A is given by r · Id A for some natural number r. By Lemma 4.11, there is a surjective homomorphism
, which shows that the latter indeed has rank at most R. Now assume X → S is smooth and proper; we need to show that for i = 1, 2 and dim S X, Remark 6.2. In Theorem 7.6, we will establish the existence of the algebraic representative Φ d X/S under the assumptions that X → S is proper with reduced and connected geometric fiber and that the composition X → S → Λ is smooth. We also mention that, in the codimension-1 case, one can further establish the existence of the algebraic representative Φ 1 X/S under the weaker assumption that the geometric generic fiber of X → S admits an open embedding in a smooth proper scheme over η S . In that case, it can indeed be established, via the localization exact sequence for Chow groups, that, for ℓ invertible in κ(η S ), the ℓ-torsion group A i (X η S )[ℓ] is finite.
RELATION TO THE PICARD SCHEME AND THE ALBANESE SCHEME
Let f : X → S be a smooth proper morphism. The aim of this section is to compare the algebraic representatives for codimension-1 cycles and for dimension-0 cycles, whose existence we established in Theorem 6.1, to the relative Picard scheme and to the relative Albanese variety, respectively. This comes at the cost of assuming f : X → S is smooth and projective with geometrically integral fibers, R 2 f * O X = 0, and possibly that f admits a section ; see Theorems 7.1 and 7.10. We also discuss the existence of a universal codimension-1 cycle in Corollary 7.3, and in Theorem 7.6 we generalize the existence result for algebraic representatives for dimension-0 cycles of Theorem 6.1 to S-schemes X that are separated, geometrically reduced, geometrically connected and of finite type over S. In relation to §1.3.1, we note that all results of this section hold in the setting where the structure morphisms to S of parameter spaces are not necessarily dominant.
Algebraic representatives for codimension-1 cycles.
7.1.1. Picard schemes and regular homomorphisms. Recall from Theorem 6.1 that if the morphism f : X → S is smooth and proper, then there exists an algebraic representative Φ 1 X/S : A 1 X/S/Λ → Ab 1 X/S . We now compare this to the relative Picard scheme :
Theorem 7.1 (Picard schemes and algebraic representatives for divisors). Suppose f : X → S is smooth and projective with geometrically integral fibers, and R 2 f * O X = 0.
(i) The Abel-Jacobi map AJ 1 : Div 0 X/S → Pic 0 X/S for divisors induces a regular homomorphism Φ 1 X/S : A 1 X/S → Pic 0 X/S , which is an algebraic representative in codimension-1.
(ii) For any morphism S ′ → S obtained as an inverse limit of morphisms in Sm Λ /S, the natural homomorphism of S ′ -abelian schemes
is an isomorphism. (iii) For any separably closed point s : Spec Ω → S obtained as an inverse limit of morphisms to S in
Sm Λ /S, the homomorphism Φ 1 X/K (Ω) is an isomorphism on prime-to-p torsion ; in particular, the map
is an isomorphism for all ℓ = p. Here, p = char κ(S).
Remark 7.2. If Λ = S = Spec K, and X/K is proper and geometrically normal, then (Pic 0 X/K ) red is an abelian variety [Gro62, Cor. VI.3.2], and the Abel-Jacobi map AJ 1 : Div 0 X/S → Pic 0 X/K for divisors still induces a regular homomorphism Φ 1 X/K : A 1 X/K → (Pic 0 X/K ) red , which is an algebraic representative in codimension-1, as our parameter spaces are reduced, and therefore every morphism from a reduced scheme to Pic 0 X/K factors uniquely through (Pic 0 X/K ) red .
Proof. (i) We use [Kle05] as a reference for these standard results. First, using that X/S is projective and flat with geometrically integral fibers, we can invoke [Kle05, Thm. 9.4.8] to conclude theétale sheafification of the Picard functor is representable by a separated scheme Pic X/S . Then using the additional assumption that R 2 f * O X = 0, we can invoke [Kle05, Prop. 9.5.19] to conclude that Pic X/S is smooth. Denoting by Pic 0 X/S the connected component of the identity, we can use [Kle05, Thm. 9.5.4] to conclude that the fiber of Pic 0 X/S over every point is projective. It then follows from [Kle05, Prop. 9.5 .20] that Pic 0 X/S is proper over S. In other words, it is an abelian scheme over S. Next we use the Abel-Jacobi map of [Kle05, Def. 9.4.6] . This is by definition universal for families of algebraically trivial divisors, completing the proof that the Abel-Jacobi map AJ 1 : Div 0 X/S → Pic 0 X/S for divisors induces a regular homomorphism Φ 1 X/S : A 1 X/S → Pic 0 X/S , which is an algebraic representative in codimension-1.
(ii) The base change result follows from the base change results for the Picard scheme.
(iii) With (ii), the stated isomorphisms on torsion follow from the fact that the first Bloch map [Blo79, Prop. 3.6] is an isomorphism on prime-to-p torsion.
Some remarks on universal codimension-1 cycle classes.
Corollary 7.3 (Universal codimension-1 cycles). Assume f : X → S is smooth and projective with geometrically integral fibers, and R 2 f * O X = 0. If f admits a section, then Ab 1 X/S admits a universal codimension-1 cycle.
Proof. This is equivalent to the existence of a universal line bundle on Pic 0 X/S . From the definitions, it suffices to show that the Picard functor is already a sheaf in theétale topology. For this we use [Kle05, Exe. 9.3.11] to conclude that f * O X = O S universally, and then we employ [Kle05, Thm. 9.2.5] together with the assumption that f admits a section to conclude that the Picard functor is a sheaf.
Remark 7.4. Assume Λ = S = Spec K, and X/K is proper and geometrically normal. If X admits a K-point, then Ab 1 X/K = (Pic 0 X/K ) red admits a universal codimension-1 cycle. Even when working with a smooth projective geometrically integral variety X over a perfect field K there are some subtleties regarding universal codimension-1 cycle classes. As explained in Remark 7.2, we have Ab 1 X/K = (Pic 0 X/K ) red . It is easy to show that there is a universal codimension-1 cycle class if the Picard functor Pic 0 X/K of algebraically trivial line bundles is a sheaf, and is representable by a scheme Pic 0 X/K (this forces the functor to have a universal object, which by definition is represented by a line bundle) ; this is obviously an equivalence if Pic 0 X/K is reduced (for instance if char(K) = 0, or X is a curve, or H 2 (X, O X ) = 0).
Recall first that if X admits a K-point (e.g, K is separably closed), then the functor Pic 0 X/K is representable (e.g., [Kle05, Thm. 9.2.5(2)]), and therefore Pic 0 X/K admits a universal codimension-1 cycle class.
Before we turn to recalling examples where Pic 0 X/K is reduced, but does not represent the functor Pic 0 X/K , and so therefore there is no universal codimension-1 cycle, we recall that it is elementary to find examples where the entire Picard functor Pic X/K is not representable (see [Kle05,  Exa. 9.2.4]). The basic idea in all of these examples is to work with curves, and find a class in Pic X/K (K) that is not given by a line bundle, so that the sheaf and the functor cannot agree (so that the functor cannot be representable). To do this, one pulls back to the algebraic closure and finds a map X K → P n K . Now, using cohomology and base change over affine bases (the affine bases being the fields), one can see that the line bundle giving the morphism descends if and only if the morphism to projective space descends (the cohomology and base change shows that the space of global sections over K is the tensor of the global sections over K with − ⊗ K K). One checks that the line bundle over K defining the morphisms gives data to descend the class in the Picard sheaf to K, but one knows that the morphism does not descend, and the line bundle itself does not descend. See [Kle05, Exa. 9.2.4] for more details.
It is more subtle to give examples where the functor Pic 0 X/K is not representable. Our starting point for the construction is the exact sequence (e.g., [BLR90, Prop. 4, §8.1])
where Br denotes the Brauer group. The index I(X) is the greatest common divisor of the degrees (over K) of all closed points of X. If X is a smooth projective curve, then its period P(X) is the least positive degree of a K-rational divisor class. Equivalently, Pic 1 X/K is a torsor under the abelian variety Pic 0 X/K , and P(X) is the order of Pic 1 X/K in the Weil-Châtelet group of Pic 0 X/K . If K is a finite extension of Q p , then Br(K) ∼ = Q/Z. If X/K is a smooth projective curve, then I(X) = P(X) [Lic68, Thm. 3] , and in diagram (7.1), the image of Pic 0 X/K (K) in Br(K) is 1 I(X) Z/Z = 1 P(X) Z/Z [Lic68, p. 130 ]. Thus to show an example where Pic 0 X/K is not equal to its sheafification, and therefore is not representable, it suffices to give an example of a smooth projective geometrically integral curve where the index of X is not 1.
Thus, let X/Q p be any curve of genus one with X(K) = ∅. Then X ∼ = Pic 1 X/K is a nontrivial torsor under Pic 0 X/K . In particular, I(X) = P(X) > 1, and so Pic 0 X/K is not representable. Finally we can conclude the algebraic representative Ab 1 X/K does not admit a universal codimension-1 cycle class.
At the same time, we note that in general, the existence of a K-point is not a necessary condition for the existence of a universal divisor. Indeed, through the lens of (7.1), the reason that a K-point guarantees the representability of Pic 0 X/K is that such a point gives a splitting of Br(K) → Br(X) ([BLR90, p. 203 and Prop. 4]). More generally, if X has index one, then a zero-cycle of degree one provides such a splitting (e.g., [ABBGvB19, §4] or [Ben13] ). For example, if K is a finite field, then any smooth projective X admits a universal divisor, whether or not X admits a K-point. (Indeed, it suffices to show that I(X) = 1. However, the Lang-Weil theorem implies that for sufficiently large, finite L/K, X(L) is nonempty, and so X has closed points of every sufficiently large degree. Now take a suitable integral combination of two closed points of relatively prime degree.) 7.2. Algebraic representatives for dimension-0 cycles. We denote by d = d X/S the relative dimension of X over S.
7.2.1. Albanese schemes and regular homomorphisms. Let X → S be a proper morphism. An Smorphism g : X → A to an abelian scheme induces a regular homomorphism Φ g : A d X/S/Λ → A, in the following way. Suppose we are given T in Sm Λ /S, and Z ∈ A d X/S/Λ (T), as well as a cycle representing Z, which we will also denote by Z. We may choose a nonempty dense open subset U ⊆ T over which Z isétale, and then anétale cover U ′ → U over which there are sections
We then obtain a diagram U ′ (σ 1 ,...,σ 2r )
We claim that the morphism U ′ → A U descends to U. In fact, the morphism U ′ → Sym r U ′ X U ′ × U ′ Sym r U ′ X U ′ descends to U. For this we need to show that the two compositions
obtained by the two projections onto U ′ , agree (i.e., Grothendieck's theorem that schemes over a fixed base form a subcanonical site in the fpqc topology). But from the definitions, this is just a matter of whether
under the action of Σ r × Σ r permuting the first (resp. last) r components. But this map is constructed as the quotient by this action. Thus U ′ → A U descends to U → A U . Finally U → A U → A extends uniquely to T → A as T is regular (Proposition 4.5(i), [BLR90, Cor. 6, §8.4]). This is Φ g (T)(Z). The regular homomorphism is defined similarly on morphisms.
Conversely, suppose in addition that X belongs to Sm Λ /S, i.e., X is smooth over Λ and X → S is dominant and proper, and we assume the generic fiber of X/Λ is geometrically connected, and X/S admits a section σ : S → X. Then the cycle Z = ∆ − (X × S σ(S)) is in A d X/S/Λ (X), and for any regular homomorphism Φ : A d X/S/Λ → A, we obtain a morphism Φ(X)(Z) : X → A. These constructions are inverses of one another, in the sense that if g sends σ to 0, then Φ g (X)(Z) = g, and Φ Φ(X)(Z) = Φ. This gives the following lemma. Recall that if X/S is a scheme over S, with section σ : S → X, then a pointed S-Albanese morphism is an initial S-morphism X → A to an abelian S-scheme sending σ to 0 ; i.e., S → X → A is the zero section ; and the abelian scheme is called the pointed S-Albanese scheme of X.
Lemma 7.5. Let X be in Sm Λ /S and X/Λ has generic fiber that is geometrically connected. Assume that X/S is proper and admits a section σ, and set Z = ∆ − (X × S σ(S)) where ∆ is the diagonal on X × S X.
is an algebraic representative, then the associated map Φ d X/S (X)(Z) :
is a pointed S-Albanese morphism sending σ to zero, then Φ α σ :
X/S is the associated morphism. we obtain a commutative diagram of regular homomorphisms
The commutativity on the right follows from evaluating on the left at (X)(Z). Conversely, given a pointed S-Albanese morphism α σ : X → Alb X/S , and a regular homomorphism Φ : A d X/S/Λ → A, we obtain a commutative diagram
The commutativity on the left now comes from the fact that
We have the following consequence, generalizing results of Serre-Grothendieck-Conrad on the existence of Albanese varieties over fields (see Appendix A), and also Grothendieck's relative existence result (which requires that Pic 0 X/S be represented by an abelian scheme ; see Theorem 7.10, below). Theorem 7.6 (Albanese schemes and algebraic representatives for points). Let Λ be a regular Noetherian scheme, let S be a scheme that is smooth separated and of finite type over Λ, and let f : X → S be a proper surjective morphism such that the composition X → S → Λ is smooth. If the generic fiber of X/Λ is geometrically connected, then there is an algebraic representative Φ d X/S : A d X/S/Λ → Ab d X/S . If moreover X/S admits a section, then there exists a pointed S-Albanese morphism X → Alb X/S . Proof. We start by showing the existence of the algebraic representative. We have from Corollary 5.5 that it suffices to show existence after base change to the separably closed field Ω = κ(S) sep . In other words, we may reduce to the the case Λ = S = Spec Ω for a separably closed field Ω. Having made this reduction, we note that X(Ω) is nonempty (the Ω-points of a geometrically reduced scheme of finite type over a separably closed field Ω are dense, e.g., [GW10, Prop. 6.21, p.156]). Serre's existence result for Albanese varieties over fields (see Theorem A.1) then provides the Albanese variety over Ω. Thus by Lemma 7.5, there exists an algebraic representative over Ω, completing the proof. Now assume that X/S admits a section. Then, since there exists an algebraic representative, we can use Lemma 7.5 to conclude there exists an Albanese morphism.
Remark 7.7. The existence of the algebraic representative in Theorem 7.6 follows from Theorem 6.1 in the case where f : X → S is smooth and proper. 7.2.2. Duality for codimension-1 algebraic representatives and Albaneses. The following proposition is essentially translating the proof of [Gro62, VI, Thm. 3.3(iii)] into the language here : Proposition 7.8. Suppose that Φ 1 X/S : A 1 X/S → Ab 1 X/S is an algebraic representative (see Theorem 6.1), and that there exist a universal codimension-1 cycle class Z (see Corollary 7.3) and a section of X/S. Then Z induces a natural morphism X → (Ab 1 X/S ) ∨ to the dual abelian scheme of Ab 1 X/S , which is an S-Albanese.
Proof. The universal divisor Z on Ab 1 X/S × S X can also be viewed as a family of line bundles on Ab 1 X/S parameterized by X. Trivializing this line bundle along the section of X/S, there is therefore a canonical S-morphism X → (Ab 1 X/S ) ∨ . Given any S-morphism X → A to an abelian S-scheme sending the section of X/S to zero, we can consider A ∨ × S X → A ∨ × S A, and pulling back a Poincaré bundle for A trivialized along the zero section, we get a family of divisors on X parameterized by A ∨ , and consequently a homomorphism A ∨ → Ab 1 X/S . Dualizing we have a map (Ab 1 X/S ) ∨ → A. One can check the composition X → (Ab 1 X/S ) ∨ → A is the original morphism X → A. Thus (Ab 1 X/S ) ∨ is the Albanese. Remark 7.9. Note that from Lemma 7.5, if we also know that X/S is proper and the generic fiber of X/Λ is geometrically connected, then there are canonical isomorphisms (Ab 1 X/S ) ∨ ∼ = Alb X/S ∼ = Ab d X/S . 7.2.3. Grothendieck's Albanese schemes and Algebraic representatives for dimension-0 cycles. Recall from Theorem 6.1 that if the morphism f : X → S is smooth and proper, then there exists an algebraic representative Φ d X/S : A d X/S/Λ → Ab d X/S . We also have Theorem 7.6 above, comparing this with a relative Albanese scheme. We now compare this to Grothendieck's construction :
Theorem 7.10 (Grothendieck's Albanese schemes and algebraic representatives for points). Suppose that f : X → S is smooth and projective with geometrically integral fibers, R 2 f * O X = 0, and f admits a section.
(i) The universal line bundle P on Pic 0 X/S × S X, distinguished by being trivialized along the section, determines a pointed S-Albanese morphism X → Alb X/S := (Pic 0 X/S ) ∧ , (t : T → X) → (Id ×t) * P, that induces a regular homomorphism Φ d X/S : A d X/S → Alb X/S , which is an algebraic representative for dimension-0 cycles. (ii) For any morphism S ′ → S obtained as an inverse limit of morphisms in Sm Λ /S, the natural homomorphism of S ′ -abelian schemes
(iii) For any separably closed point s : Spec Ω → S obtained as an inverse limit of morphisms to S in Sm Λ /S, the homomorphism Φ d X/K (Ω) is an isomorphism on prime-to-p torsion ; in particular, the map T ℓ A d (X Ω )
. is an isomorphism for all ℓ = p. Here, p = char κ(S).
Proof. (i) We saw in Theorem 7.1 and Corollary 7.3 that Pic 0 X/S exists, and admits a universal class of a line bundle P on Pic 0 X/S × S X. We can choose a representative line bundle that is distinguished by being trivialized along the section. The fact that the dual abelian scheme gives an Albanese scheme is then [Gro62, VI, Thm. 3.3(iii)]. The fact that an Albanese variety gives an algebraic representative is Lemma 7.5.
(ii) The base change result follows from the base change results for the Albanese scheme [Gro62, VI, Thm. 3.3].
(iii) With (ii), the fact that the Albanese morphism is an isomorphism on prime-to-p torsion is Roitman's Theorem [Blo79, Thm. 4.1].
Remark 7.11. Mumford's examples (e.g., a smooth K3 surface over the complex numbers) show that Φ d X/S (Ω) need not be an isomorphism. Precisely, if the generic fiber X η S of the smooth projective morphism f : X → S is such that some ℓ-adic cohomology group H i (X η sep S , Q ℓ ) is not supported on a divisor for some i > 1, then Φ d X/S (Ω) is not injective for any separable field extension Ω/η S that is separably closed and of infinite transcendence degree over its prime subfield. However, if Ω is Q or a separably closed subfield of F p (T), then the Beilinson conjecture predicts that Φ d X/K (K) should be an isomorphism. Remark 7.12. We are unaware if Φ d X/S is an epimorphism of functors, i.e., in view of Proposition 4.3, if it admits a universal codimension-d cycle.
8. SURJECTIVE REGULAR HOMOMORPHISMS, ALGEBRAIC REPRESENTATIVES AND COHOMOLOGY 8.1. The ℓ-adic Bloch map. Recall that, for X a smooth projective variety over an algebraically closed field K, Bloch [Blo79] defined for ℓ a prime different from the characteristic of K and for all nonnegative integers i a functorial map
which we will refer to as the Bloch map. Here, for an abelian group M, M[ℓ ∞ ] denotes the ℓ-primary torsion subgroup lim − → M[ℓ n ]. In fact, Bloch's map is defined for smooth projective varieties defined over a separably closed field (e.g., [ACMV, Rem. 1.5]), and one may define an ℓ-adic Bloch map 
Proof. The injectivity of the usual second Bloch map λ 2 : CH 2 (X)[ℓ ∞ ] → H 3 (X, Q ℓ /Z ℓ (2)) for X smooth projective is due to Merkurjev and Suslin [MS82] , and the corresponding statement for the second ℓ-adic Bloch map follows by applying T ℓ ; cf. [ACMV, Prop. 2.7 ]. In fact, the usual second Bloch map is shown to be injective for X smooth and proper over a separably closed field in [CTR85, Prop. 3.1 and Rmk. 3.2]. Applying T ℓ gives the theorem. 8.2. Surjective regular homomorphisms and cohomology. Let X be a smooth proper variety over a field K of characteristic exponent p. Recall from the proof of Lemma 4.11 that any cycle
for all N coprime to p ; and hence a homomorphism of Gal(K)-representations
for all primes ℓ = p.
Let now Φ : A i X/K → A be a surjective regular homomorphism and assume Z ∈ A i X/K (A) is a miniversal cycle, provided by Lemma 4.7, with Φ(A)(Z) : A → A given by r · Id A for some natural number r. Then, still by the arguments of the proof of Lemma 4.11, the homomorphism of Gal(K)-representations w Z,ℓ of (8.1) is injective for all primes ℓ = p coprime to r. The following proposition is then an immediate consequence of Theorem 8.1 (and the discussion preceding it concerning the cases i = 1, dim X).
Proposition 8.2. With the notation above, let ℓ be a prime number different from p and coprime to r. Then, for i = 1, 2, dim X, the morphism of Gal(K)-representations ι Z,ℓ : T ℓ A → H 2i−1 (X K sep , Z ℓ (i)) given as the composition
is injective. Moreover, if Φ is an algebraic representative, then ι Z,ℓ is an isomorphism for i = 1, dim X.
Algebraic representatives over a DVR.
Theorem 8.3. Let S = Λ be the spectrum of a DVR and denote η its generic point. Suppose X is a smooth and proper scheme over S. Fix i = 1, 2 or dim S X. Then the natural homomorphism of η-abelian varieties
Proof. We start by observing that, due to Proposition 8.2 and the Néron-Ogg-Shafarevich criterion, Ab i X η /η admits a model A over S. Moreover, there is a regular homomorphism Φ : A i X/S → A whose base-change to η is Φ i X η /η , defined in the following way. If T is a separated smooth scheme of finite type over S = Λ and if
Such a morphism exists due to the fact that any rational map defined over a base S from a regular scheme to an abelian S-scheme extends to a morphism (Proposition 4.5(i), [BLR90, Cor. 6, §8.4]). (Note that the above argument in fact establishes that any surjective regular homomorphism A i X η /η → B extends to a surjective regular homomorphism A i X/S → B.) By the universal property of the algebraic representatives, there exist a unique homomorphism f : Ab i X η /η → (Ab i X/S ) η such that (Φ i X/S ) η = f • Φ i X η /η as well as a unique homomorphism
In other words, we have a commutative diagram
, in particular that f is an injective homomorphism. On the other hand, we also obtain the identity f
The surjectivity of Φ X/S (Proposition 5.1) implies then that f • g η : (Ab i X/S ) η → (Ab i X/S ) η is the identity on η sep -points, in particular that f is surjective on η sep -points. In conclusion f is an isomorphism.
Remark 8.4. We remind the reader that, in contrast, the special fiber of the algebraic representative is typically not the algebraic representative of the special fiber (e.g., [ACMV17, Ex. 6.5]).
Algebraic representatives and base change in characteristic zero.
Our aim is to prove Theorem 3(i) :
Theorem 8.5. Suppose that Λ = Spec K for a field K ⊆ C, and X is a smooth proper scheme over S. Fix i = 1, 2 or dim S X. If S ′ → S is a morphism obtained as an inverse limit of morphisms in Sm K /S, then the natural homomorphism of S ′ -abelian schemes
Proof. By rigidity (e.g., [MFK94, Prop. 6.1] ; see also the proof of Lemma A.16 for a similar argument), the natural homomorphism Ab i X S ′ /S ′ → (Ab i X/S ) S ′ is an isomorphism if and only if it is an isomorphism when restricted to the generic point η S ′ . By Theorem 5.10(i) applied to X η S together with the field extension κ(S ′ )/κ(S), we are reduced to showing that the natural homomorphism
is an isomorphism for any smooth proper scheme over a smooth separated scheme S of finite type over K. This is achieved exactly as in the proof of Theorem 8.3 : the crux consists in showing that any surjective regular homomorphism Φ : 
Remark 8.6. Vasiu and Zink [VZ10] have investigated the structure of mixed-characteristic rings over which a suitable version of the Faltings-Chai extension theorem holds. If S → Z (p) satisfies the hypotheses of [VZ10, Cor. 5] (for example, if S is smooth over an unramified discrete valuation ring of mixed characteristic (0, p)), and if X → S is smooth and proper, then Ab i X η S spreads out to an abelian scheme over S, and we again have Ab i X η S ∼ = (Ab i X/S ) η S for i = 1, 2 or dim S X.
REGULAR HOMOMORPHISMS AND INTERMEDIATE JACOBIANS
The point of this section is to show that Abel-Jacobi maps in the relative setting induce regular homomorphisms in the sense we define here ; indeed, this was one of our main motivations in proving [ACMV19a, Thm. 1]. To explain briefly, recall that given a smooth projective morphism f : X → S of smooth complex varieties, a result of Griffiths states that the Abel-Jacobi map induces a regular homomorphism in the analytic category. In other words, given any dominant morphism of complex manifolds T → S and any cycle class Z ∈ CH i (X T ) such that every refined Gysin fiber Z t is homologically trivial, the associated map of sets ν Z : T → J 2i−1 (X T /T) = J 2i−1 (X/S) T , t → AJ X t (Z t ), is induced by a holomorphic map of analytic spaces ; ν Z is called the motivated normal function associated to Z.
Our recent result [ACMV19a, Thm. 1] shows that assuming f , X, and S are algebraic, the Abel-Jacobi map actually induces a regular homomorphism (in the algebraic sense we define here) if we restrict to algebraically trivial cycle classes. More precisely, there is an algebraic relative subtorus J 2i−1 a (X/S) ⊆ J 2i−1 (X/S) such that if we assume further that T and Z are algebraic with every refined Gysin fiber Z t algebraically trivial, then the normal function factors as ν Z : T → J 2i−1 a (X/S) T ⊆ J 2i−1 (X/S) T , and is algebraic (not just holomorphic). In particular, there is a regular homomorphism Φ AJ :
(X/S) T given by the associated normal function. We now explain this in more detail, and recall some of the arithmetic properties of these normal functions.
9.1. The Abel-Jacobi map over subfields of C. We reformulate the main result of [ACMV18] within our functorial setting. We recall the definition of the algebraic intermediate Jacobian. Let X be a smooth projective variety over C. Griffiths defined an Abel-Jacobi map AJ : CH i (X) hom → J 2i−1 (X) on homologically trivial cycles. Here J 2i−1 (X) is the so-called intermediate Jacobian ; it is the complex torus defined by J 2i−1 (X) := F i H 2i−1 (X, C)\H 2i−1 (X, C)/H 2i−1 (X, Z) τ , with F • being the Hodge filtration and with the subscript "τ" referring to the quotient by the maximal torsion subgroup. Given a homologically trivial cycle class γ = ∂Γ, the Abel-Jacobi map assigns, via Poincaré duality, the linear form Γ (−) to γ. It is a theorem of Griffiths that this assignment is well-defined. Moreover, the image of the restriction of the Abel-Jacobi map to algebraically trivial cycles defines a subtorus J 2i−1 a (X) which is naturally endowed with a polarization and hence defines a complex abelian variety. This complex abelian variety will be called the algebraic intermediate Jacobian.
A basic result of Griffiths shows that the induced map AJ : A i (X) → J 2i−1 a (X)(C) (which we will henceforth refer to by abuse as the Abel-Jacobi map) is a regular homomorphism in the classical sense, and hence by §1.4 provides a regular homomorphism AJ : A i X/C → J 2i−1 a (X) in the sense of Definition 1.7 whose evaluation at Spec C gives the classical Abel-Jacobi map AJ :
Theorem 9.1 ([ACMV18]). Let X be a smooth projective variety over a field K ⊆ C. Then the algebraic intermediate Jacobian J 2i−1 a (X C ) admits a distinguished model J 2i−1 a,X/K over K and there exists a surjective regular homomorphism Φ AJ X/K : A i X/K −→ J 2i−1 a,X/K whose evaluation at Spec C is the Abel-Jacobi map AJ : A i (X C ) → J 2i−1 a (X C )(C). In particular, the Abel-Jacobi map is Aut(C/K)-equivariant.
Remark 9.2. Since AJ : A i (X C ) → J 2i−1 a (X C ) is surjective, the abelian variety J 2i−1 a (X C ) admits at most one structure of a scheme over K such that AJ is Aut(C/K)-equivariant. This is the sense in which J 2i−1 a (X C ) admits a distinguished model over K. See also [HT19, Thm. 8 ].
Proof. The following proof fixes a gap in the proof of the Aut(C/K)-equivariance of the Abel-Jacobi map given in [ACMV18] . The starting point is [ACMV18, Prop. 1.1] which provides a smooth projective curve C over K and a surjective homomorphism (Pic 0 C/K ) C = J(C C ) → J 2i−1 a (X C ), and hence shows (cf. [ACMV18, §2.1]) that the C/K-trace homomorphism τ : tr C/K J 2i−1 a (X C ) C → J 2i−1 a (X C ) is an isomorphism. We set J 2i−1 a,X K /K = tr C/K J 2i−1 a (X C ) . By Lemma 3.2, we obtain a regular homomorphism AJ : A i X K /K → J 2i−1 a,X K /K , which satisfies AJ = τ • (AJ) C and which is surjective by Proposition 4.13.
Next we claim that the surjective regular homomorphism AJ is Gal(K/K)-equivariant. This is achieved in two steps in [ACMV18] : first one shows [ACMV18, §2.2] that J 2i−1 a,X K /K descends to an abelian variety J 2i−1 a,X/K over K and that AJ(K) : A i (X K ) → (J 2i−1 a,X/K )(K) is Gal(K/K)-equivariant on torsion ; then one establishes the general fact [ACMV18, Prop. 3.8] that a regular homomorphism over K that is Gal(K/K)-equivariant on torsion is in fact Gal(K/K)-equivariant. By Lemma 3.4, we obtain a regular homomorphism Φ : A i X/K → J 2i−1 a,X/K , which satisfies Φ K = AJ and which is surjective by Proposition 4.15.
Combining the above, Lemma 3.
We conclude with Lemma 3.1(ii) that relative to the above identification AJ is Aut(C/K)equivariant.
9.2. The Abel-Jacobi map in families. In this section, we assume that Λ = Spec K for some subfield K of C and that S is an irreducible smooth quasi-projective variety over K. Theorem 9.3 below is a reformulation of the main result of [ACMV19a] within our functorial setting. This result, which in fact was motivated by the present work, shows the existence of non-trivial regular homomorphisms in families. Before we state the theorem, recall that Griffiths' Abel-Jacobi map can be constructed family-wise : given a smooth projective family X of complex varieties over a smooth quasi-projective complex variety S, there is a family of complex tori J 2i−1 (X/S) over S which consists fiberwise of the intermediate Jacobians. Moreover, a classical result of Griffiths says that, given a cycle class Z ∈ CH i (X) which is fiberwise homologically trivial, the normal function ν Z : S → J 2i−1 (X/S) defined by t → AJ(Z t ) is holomorphic.
Theorem 9.3 ([ACMV19a]
). Suppose f : X → S is a smooth projective morphism of smooth varieties over a field K ⊆ C. Then the Abel-Jacobi map Φ AJ Xη S /η S : A i X η S /η S → J 2i−1 a,X η S /η S of Theorem 9.1 extends uniquely to a surjective regular homomorphism
a,X/S such that the base change (J 2i−1 a,X/S ) C is canonically identified with an algebraic subtorus J 2i−1
is the associated normal function. Proof. The content of [ACMV19a, Thm. 1] and its proof is to show that there is an abelian scheme J 2i−1 a,X/S over S such that the Abel-Jacobi map Φ AJ Xη S /η S : A i X η S /η S → J 2i−1 a,X η S /η S of Theorem 9.1 defines a map δ : A i X/S (S) → J 2i−1 a,X/S (S) such that the base change (J 2i−1 a,X/S ) C is canonically identified with an algebraic subtorus of the intermediate Jacobian J 2i−1 (X C /S C ), and such that for each Z ∈ A i X X/S (S) we have ν Z C = (δ(Z)) C : S C → (J 2i−1 a,X/S ) C ⊆ J 2i−1 (X C /S C ). Since this holds also for X T → T for any T → S in Sm K /S, in order to define the regular homomorphism Φ AJ X/S : A i X/S → J 2i−1 a,X/S , it suffices to show J 2i−1 varieties over η S :
where the identification on the right is provided by Theorem 9.3 and the surjectivity of the arrow on the left is provided by Proposition 4.9. In order to show that Ab 2 X/S → J 3 a,X/S is an isomorphism, it is enough to show that it is generically an isomorphism by Proposition 4.5(i), [BLR90, Cor. 6, §8.4]). Hence, in view of (9.2), it is enough to see that the natural homomorphism Ab 2 X η S /η S → J 3 a,X η S /η S is an isomorphism. This is achieved as follows by fixing an embedding of κ(S) in C. Thanks to Theorems 5.6 and 5.9, we obtain after base-changing the latter homomorphism along the inclusion κ(X) ⊂ C a homomorphism
which by [Mur85, Thm. C] is an isomorphism.
Remark 9.6. As already mentioned in Example 1.14, for 2 < i < dim X C , if an algebraic representative exists, the canonical morphism Ab i
Building on the K = C version of Theorem 9.5, Murre established the following theorem in the special case when S = Spec C : Theorem 9.7. Suppose char(κ(Λ)) = 0 and let X → S be a smooth projective morphism. Fix i = 1, 2, dim S X. Let Φ i X/S : A i X/S → Ab i X/S be the algebraic representative for codimension-i cycles (whose existence is provided by Theorem 6.1). Then for any separably closed point s : Spec Ω → S obtained as an inverse limit of morphisms in Sm Λ /S, the homomorphism Φ i X/S (Ω) is an isomorphism on torsion. In particular, for all primes ℓ, the map
is an isomorphism.
Proof. This is standard over C for i = 1, dim S X. For i = 2, this is [Mur85, §10] in the case S = Spec C : in that case the natural morphism Ab 2 X/C → J 3 a (X) is an isomorphism (Theorem 9.5) and the corresponding statement with J 3 a (X) in place of Ab 2 X/C is [Mur85, Thm. 10.3]. One reduces the general case to the previous case via Theorem 8.5 and Theorem 5.6.
APPENDIX A. ALBANESE VARIETIES AND BASE CHANGE
In this appendix we consider the problem of compatibility of the formation of the Albanese variety with base change of field. A classical result of Serre implies the existence of Albanese varieties for geometrically integral varieties over fields, but it turns out that Albanese varieties are not stable under base change of field. A result of Grothendieck, later generalized by Conrad, implies that if one restricts to proper geometrically integral varieties, then Albanese varieties are stable under base change of field. In this appendix, we show that alternatively, if one is willing to restrict to separable base change of field, then the Albanese variety is stable under separable base change of field for all geometrically integral varieties.
A.1. Definition of the Albanese variety. Let V be a geometrically reduced and geometrically connected separated scheme of finite type over a field K. Recall that an Albanese datum for V consists of a triple (Alb V/K , Alb 1 V/K , a : V → Alb 1 V/K ) with Alb V/K an abelian variety over K, Alb 1 V/K a torsor under Alb V/K over K, and a : V → Alb 1 V/K a morphism of K-schemes which is universal in the sense that given any triple (A, P, f : V → P) with A an abelian variety over K, P a torsor under A over K, and f : V → P a morphisms of K-schemes, there is a unique homomorphism Alb V/K → A and a unique morphism of torsors Alb 1 V/K → P making the following diagram commute :
We will respectively call the three objects in this datum the Albanese variety, the Albanese torsor, and the Albanese morphism of V/K (although of course the torsor is itself a variety, too).
When V/K is equipped with a K-point v : Spec K → V over K, then one can define a pointed Albanese variety and morphism, by requiring all the maps in the previous paragraph to be pointed. This reduces to the following situation : a pointed Albanese datum for (V, v) is a pair (Alb V/K , a : V → Alb V/K ) where Alb V/K is an abelian variety, and a : V → Alb V/K is a morphism of Kschemes taking v to the zero section, which is universal in the sense that given any K-morphism f : V → A to an abelian variety A taking v to the zero section, there is a unique homomorphism Alb V/K → A making the following diagram commute :
Existence of Albanese varieties. The existence of the Albanese variety goes back essentially to Serre. We direct the reader to [Wit08, Thm. A.1 and p.836] for an exposition valid over an arbitrary field ; the assertion there is made for V/K a geometrically integral scheme of finite type over a field K, although argument holds under the weaker hypothesis that V is a geometrically reduced and geometrically connected scheme of finite type over K.
Theorem A.1 (Serre). Let V be a geometrically reduced and geometrically connected scheme of finite type over a field K. Then V admits an Albanese torsor, and if V admits a K-point, then V admits a pointed Albanese variety.
A.3. Base change for Albanese varieties. If L/K is any field extension, then the universal property provides a base change morphism of torsors
over a base change morphism of abelian varieties
Our goal in this section is to understand β V,L/K and β 1 V,L/K , i.e., to understand the behavior of the Albanese variety under base change. We say that the Albanese variety of V is stable under (separable) base change of field if β V,L/K and β 1 V,L/K are isomorphisms for all (separable) field extensions L/K.
The first observation is that Albanese varieties are not stable under base change of field : Example A.2 (Albanese varieties are not stable under base change). Let L/K be a finite, purely inseparable extension. Let A/L be an abelian variety whose L/K-image, im L/K A, is trivial. Let G = R L/K A be the Weil restriction, which is a smooth connected commutative algebraic group over K. Then Alb G L /L = A, while Alb G/K = Spec K, so that Alb G L /L = (Alb G/K ) L ; see [Bri17, Ex. 4.2.7] , which goes back to Raynaud.
There are two possible pathologies to focus on in this example. First, the variety G/K is not proper, and second, the extension L/K is not separable. Regarding the former pathology, it has been understood that if one assumes V is proper, then the Albanese variety is stable under base change :
Theorem A.3 (Grothendieck-Conrad) . Let V be a geometrically reduced and geometrically connected proper scheme over a field K. Then the Albanese torsor of V is stable under base change of field, and if V admits a K-point, then the pointed Albanese variety is stable under base change of field.
Remark A.4. Recall that Grothendieck provides an Albanese torsor for any geometrically normal proper scheme X over a field K in the following way. As X/K is proper and geometrically normal, one has that Pic 0 X/K is proper [Gro62, Thm. VI.2.1(ii)] ; then by [Gro62, Prop. VI.2.1], one has that (Pic 0 X/K ) red is a group scheme (i.e., without the usual hypothesis that K be perfect). It then follows from [Gro62, Thm. VI.3.3(iii)] that (Pic 0 X/K ) ∧ is an Albanese variety. Conrad has generalized Grothendieck's argument to show that any geometrically reduced geometrically proper scheme X over a field K admits an Albanese torsor and Albanese variety. For lack of a better reference, we direct the reader to [Con17, Thm.]. His argument is to show that the Albanese variety is the dual abelian variety to the maximal abelian subvariety of the (possibly non-reduced and non-proper) Picard scheme Pic X/K . Grothendieck's theorem can then be summarized in this context by saying that his additional hypothesis that X be geometrically normal implies that the maximal abelian subvariety of Pic X/K is Pic 0 X/K . That Grothendieck's and Conrad's Albanese varieties are stable under arbitrary field extension is [Gro62, Thm. VI.3.3(iii)] and [Con17, Prop.], respectively. In fact, the Albanese variety enjoys an even stronger universal property; see §A.5 below.
Returning to Example A.2, and the second pathology, namely that the field extension L/K in the example is not separable, our goal in this appendix is to use Theorem A.3 to prove : On the other hand, suppose β V,L/K is an isomorphism. Then β 1 V,L/K is a nontrivial map of torsors over an isomorphism of abelian varieties. Since the category of torsors under a given abelian variety is a groupoid, β 1 V,L/K is an isomorphism. For finite separable extensions, an easy argument shows : Lemma A.7. Let V/K be a geometrically reduced and geometrically connected separated scheme of finite type over a field K. If L/K is finite and separable, then β 1 V,L/K and β V,L/K are isomorphisms. Proof. By the universal property, it suffices to show that if A/L is any abelian variety, T a torsor under A, and α : V L → T a morphism, then α factors through (Alb 1 V/K ) L . Since L/K is finite and separable, the Weil restriction R L/K (A) is an abelian variety, and R L/K (T) is a torsor under R L/K (A). By the adjoint property of Weil restriction [BLR90, p. 191, Lemma 1], there's a map V → R L/K (T). By the universal property of Alb V/K , this factors as
Again by the adjoint property of R L/K , this induces a diagram
and (Alb 1 V/K ) L is the universal torsor receiving a map from V. One concludes with Lemma A.6.
The following result only requires that V be regular and geometrically connected ; but since we insist on working with geometrically reduced varieties, it is equivalent to assume that V is smooth and irreducible. Lemma A.8. Let V/K be a geometrically integral smooth separated scheme of finite type over a field K. If U ֒→ V is an open immersion, then Alb U/K ∼ = Alb V/K and Alb 1 U/K ∼ = Alb 1 V/K . Proof. It suffices to show that, if f : U → T is a morphism to a torsor under an abelian variety, then f extends to a morphismf : V → T. If T is an abelian variety, this is a special case of [BLR90, §8.4, Cor. 6] (recalled in Proposition 4.5(i)). Otherwise, let L/K be a finite extension which splits T, so that f L extends tof L : V L → T L ; the statement then follows immediately from fpqc descent, as recalled below (Lemma A.9). Lemma A.9. Let S be a separated scheme over K and let X and Y be separated schemes over S. Let U ⊂ S be an open, dense subscheme, and let S ′ → S be faithfully flat and quasicompact. Suppose f : X U → Y U is a morphism of schemes over U. If f S ′ : X U × S S ′ → Y U × S S ′ extends to a morphism f ′ : X S ′ → Y S ′ , then f ′ descends to a morphism f : X → Y over S, and f U = f .
Proof. Let S ′′ = S ′ × S S ′ , equipped with the two projections p i :
the graph of f ′ . By Grothendieck's theory of fpqc descent (e.g., [BLR90, §6.1] or [Con06, Thm. 3.1]), it suffices to demonstrate an equality of closed subschemes p * 1 (Γ f ′ ) = p * 2 (Γ f ′ ). However, p * i (Γ f ′ ) contains p * i (Γ f S ′ ) as a dense set ; and p * 1 (Γ f S ′ ) = p * 2 (Γ f S ′ ), because f S ′ descends to f .
For a variety V which admits a smooth alteration, formation of the Albanese torsor commutes with separable base change : Lemma A.10. Let V/K be a geometrically integral separated scheme of finite type over a field K. Suppose that there is a diagram U ι / π X V of K-schemes with π surjective, ι an open immersion, and X a geometrically integral separated scheme which is smooth and proper over K. Let L/K be any field extension such that L Aut(L/K) = K. Then β V,L/K and β 1 V,L/K are isomorphisms. Proof. We adapt Mochizuki's strategy [Moc12, App. A] to understand the Albanese torsor of V in terms of that of its alteration U. Note that, by Lemma A.8 and Theorem A.3, β 1 U,L/K and β U,L/K are isomorphisms. Let I(V) denote the collection of all maps α : V → T α , where T α is a torsor under an abelian variety A α . By the universal property, each such α induces a diagram Base change yields I(V) L ֒→ I(V L ), and thus (Ξ V/K,U ) L ⊇ Ξ V L /L,U ; to prove the lemma for the Albanese abelian variety, it suffices to prove the opposite containment. Suppose α ∈ I(V L ) and σ ∈ Aut(L/K). Then we have (α σ : V L → (A α ) σ ) ∈ I(V L ), and Ξ α σ = (Ξ α ) σ . In particular, Ξ V L /L,U = ∩ α Ξ α is stable under Aut(L/K), and thus descends to K. Base changing back to L (and then invoking Lemma A.6) shows that β V,L/K and β 1 V,L/K are isomorphisms. We now collect a few elementary results on separable extensions which will allow us to extend Lemma A.10 to arbitrary separable extensions. Lemma A.11. Let Ω/k be an extension of separably closed fields. Then Ω/k is separable if and only if Ω Aut(Ω/k) = k.
Proof. In general, if L/K is a separable extension, then L is separable over L Aut(L/K) ; see e.g. [Bou81, §15.3, Prop. 7]. In particular, if L Aut(L/K) = K, then L/K is separable.
Conversely, assume that Ω/k is a separable extension of separably closed fields. Since k is separably closed and since any sub-extension Ω/K/k satisfies K/k separable, in order to show that Ω Aut(Ω/k) = k, it is enough to show that Ω Aut(Ω/k) /k is algebraic. Let α ∈ Ω be a transcendental element over k. Since α extends to a transcendence basis of Ω/k, the map α → α + 1 extends to an automorphism of Ω which fixes k. Consequently, no element of Ω transcendental over k is fixed by all of Aut(Ω/k), and Ω Aut(Ω/k) /k is algebraic, as desired.
Recall that if L ′ /L/K is a tower of field extensions with L ′ /K separable, then L/K is separable [Bou81, Prop. 8, p.V.116] but that L ′ /L may not be separable (e.g., F p (T)/F p (T p )/F p ). However, we have : Lemma A.12. Suppose that L/K is a separable extension of fields. Then L sep /K sep is separable.
Proof. In characteristic 0 there is nothing to show. So let p = char K > 0. We start with a small observation [Bou81, Exe. 4 p.V.165] : If F/E/K is a tower of field extensions, with F/K separable, then if E p K = E, then F/E is separable. To prove this, it suffices to show that the natural map F p ⊗ E p E → F p E is injective. By the assumption E = E p K, we therefore must show F p ⊗ E p E p K → F p (E p K) is injective. Since E p /K is separable [Bou81, Prop. 8, p.V.116], we have that E p ⊗ K p K ֒→ E p K is injective. Since field extensions are (faithfully) flat, tensoring by F p ⊗ E p (−) we obtain
The composition is identified with the map F p ⊗ K p K → F p K ⊆ F p (E p K), which is injective since F/K is assumed to be separable. However, since E p K is the field of fractions of E p ⊗ K p K under the inclusion E p ⊗ K p K ֒→ E p K, we see that the right hand map F p ⊗ E p KE p → F p (E p K) in (A.1) is injective, as claimed, since it is obtained from the composition F p ⊗ E p (E p ⊗ K p K) → F p (E p K) in (A.1) by localization.
To prove the lemma, we apply the observation in the previous paragraph with F = L sep and E = K sep . Thus we just need to show that (K sep ) p K = K sep . Thus we have reduced to the following : if E/K is a separable algebraic extension ; then E = E p K. Indeed, we have a tower of extensions E/E p K/K. The extension E/E p K is purely inseparable (the p-th power of every element of E belongs to E p K) while the extension E/K is separable. This implies E = E p K.
Lemma A.13. Suppose U, V, and X are as in Lemma A.10. If L/K is any separable extension, then β V,L/K is an isomorphism.
Proof. Let K sep and L sep be separable closures of, respectively, K and L, and consider the diagram of separable (thanks to Lemma A.12) field extensions
We have (K s ) Aut(K s /K) = K, (L s ) Aut(L s /L) = L and by Lemma A.11 we also have (L s ) Aut(L s /K s ) = K s . Hence we can apply Lemma A.10 to all three extensions. Using the universal property of the Albanese morphism, we obtain a diagram with canonical arrows
It follows that β V,L/K becomes an isomorphism after base-change to L sep , and hence that it is an isomorphism.
Recall [Con06] that if L/K is a primary extension of fields and if A is an abelian variety, then the L/K-image of A, im L/K (A), is the abelian variety over K which is universal for maps from A to abelian varieties which are defined over K. The formation of the image is insensitive to separable field extensions. Indeed, a special case of [Con06, Thm. 5.4] states : Theorem A.18 (Grothendieck-Conrad) . Let V/K be a geometrically reduced and geometrically connected proper scheme over K. Then for any S → Spec K, and any f : V S → T to a torsor under an abelian scheme B/S, there exists a unique S-map g : (Alb 1 V/K ) S → T such that g • a S = f . If one is willing to retrict to base change by smooth morphisms, one can derive a similar statement for varieties without a properness hypothesis.
Theorem A.19. Let V/K be a geometrically integral separated scheme of finite type over a field K. Then for any (inverse limit of) smooth morphism S → Spec K, and any f : V S → T to a torsor under an abelian scheme B/S, there exists a unique S-map g : (Alb 1 V/K ) S → T such that g • a S = f . Proof. By assumption on the morphism S → Spec K, κ(S)/K is a separable extension. Consider then the restriction f η S of f : X S → T to the generic point η S of S. By Theorem A.5, f η S factors through (alb 1 V/K ) η S . This gives a canonical η S -morphism of torsors (Alb 1 V/K ) η S → T η S over (Alb V/K ) η S . Let U ⊂ S be an open dense subscheme to which these morphisms extend as g 1 : (Alb 1 V/K ) U → T U over g : (Alb V/K ) U → B U . By Proposition 4.5(ii) [FC90, I.2.7], g extends to a morphism of abelian schemes over S. Let S ′ → S be an fpqc morphism such that (Alb 1 V/K ) S ′ → S ′ and T S ′ → S ′ admit sections. Then (Alb 1 V/K ) S ′ and T S ′ are trivial torsors under abelian schemes over S ′ , and so g 1 U× S S ′ extends to a morphism (g 1 ) ′ : (Alb 1 V/K ) S ′ → T S ′ . By fpqc descent (Lemma A.9), (g 1 ) ′ descends to a morphism g 1 : (Alb 1 V/K ) S → T, as desired.
